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S1 - Spectrally and spatially resolved interferometry
The refractive index of the fishnet structures were measured experimentally by using
spectrally and spatially resolved interferometry. The measurement technique, detailed in
Ref. (29), is performed using a white light interferometer and reflective optics, which can
measure the phase change induced by a metamaterial across a broad wavelength range,
limited only by the light source bandwidth and detector sensitivity (shown to have an
accuracy of greater than 𝜆/300 (29)). The white light is passed through the sample and a

reference path then recombines on the input slit of an imaging spectrometer with different
vertical angles in order to produce spatial fringes along the vertical axis of the image
plane. The positions of the maxima and minima of this interference pattern are
proportional to the phase of each wave and the periodicity is proportional to the angle. A
change in the optical length of either beam path causes the fringe pattern to shift
vertically. A measurement of the interferogram is taken with and without the sample. The
phase shift in the transmitted light caused by the sample is determined from a Fourier
analysis of the two interferograms.
In Fig. S1 we present the retrieved experimental refractive index from the measured
transmission phase.
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Fig. S1.
Refractive index measurements. (A) The measured refractive index of the samples,
using the spectrally and spatially resolved interferometry technique. (B) Spectrally and
spatially resolved interferometer. In one arm of the interferometer, a broadband
(incoherent) source is being injected to the sample causing a phase delay, which interferes
with a reference arm on a CCD. A measurement of the interferogram is taken with and
without the sample. The phase shift in the transmitted light caused by the sample is
determined from a Fourier analysis of the two interferograms. More details can be found
in Ref. (29).
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S2 - Numerical simulation based on nonlinear scattering theory
The theoretical treatment in the paper is based on a microscopic theory for nonlinear
generation and propagation called nonlinear scattering theory (12). The linear electric
fields are calculated from the material parameters and microscopic structure using the
finite element method. These are then used to derive the far field nonlinear response,
without relying on standard wave equations with simplified approximations for bulk
materials. We first calculate the linear electric fields in the frequency domain using the
full wave finite element solver COMSOL. From these fields we then calculate the
nonlinear polarization. We calculate the far field nonlinear emission using the following
integral form of the reciprocity theorem (12):
𝐹𝑊𝑀
(𝜔) ∝ ∭𝑚𝑒𝑡𝑎𝑙 𝑣𝑜𝑙𝑢𝑚𝑒 𝑃𝑖𝑁𝐿 (𝜔)𝐸𝑏,𝑓,𝑖 (𝜔) 𝑑3 𝑟.
𝐸𝑓,𝑏,𝑖

where 𝑃𝑁𝐿
𝑖 (𝜔) = 𝜒𝑖𝑖𝑖𝑖 𝐸𝑖 𝐸𝑖 𝐸𝑖 . We assume the χ𝑖𝑖𝑖𝑖 of gold to be dominant, which has 3

order of magnitude higher nonlinearity than MgF2 (30-32). This procedure allows us to

simulate the far field nonlinear response from the near field linear response of the fishnet
metamaterial. In the simulation we use a geometry composed of 50 nm silicon nitride
(n=2), and N pairs of 30 nm gold (𝜔𝑝 = 1.34 ∙ 1016 𝐻𝑧, 𝛾𝑝 = 1.1 ∙ 1014 𝐻𝑧) and 50 nm MgF2

(n= 1.37) with a sidewall angle of 4.3 degrees, where N is the number of functional layers.
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Fig. S2
Numerical simulations of nonlinear emission as a function of metamaterial thickness.
(A) for zero index materials the nonlinear yield in the forward and backward directions is
similar and both increase with material thickness due to constructive interference. (B) In
the negative index regime, only the forward emission increases with material thickness,
while the backward emission decreases due to the large phase-mismatch of the finite index
material. As the metamaterial thickness increases, eliminating phase mismatch with zero
index metamaterials becomes important for maximizing the nonlinear yield. The nonlinear
simulations, performed with nonlinear scattering theory, calculate the nonlinear properties
from a linear full wave simulation of the metamaterial, taking into account the real
geometry and material losses.
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S3 - Single-shot intra-pulse four wave mixing apparatus
In the following, a detailed explanation on the single-shot intra-pulse four wave mixing
apparatus will be given. We will start by detailing the apparatus of the single-shot FWM
measurements (which is used to measure nonlinear spectral information in many research
areas and for various samples, such as coherent Raman processes in atomic, molecular and
biological systems). We also elaborate on the nonlinear generation from an ultrashort
pulse, which involves convolution in the spectrum domain rather than simple
multiplication of the spectral components.
The experimental apparatus is based on the concept of single-shot FWM, which allows
intra-pulse FWM of the ultrashort pulse (broadband pump) spectral components to
generate the nonlinear signal (28). In the single-shot FWM scheme, the pump and signal
are contained within the same pulse. These fields then interact and generate the idler,
which is detected with the spectrometer. The FWM is detected on the tail of the input
pulse, where the amplitude of the input pulse has been set to zero, to aid in the detection of
the nonlinear signal.
The flow of the concept contains the following steps:
1. Truncation of the ultrashort pulse in its red or blue parts using an amplitude
mask in the location of the spectral plane of a conventional pulse shaper
apparatus (using a spatial light modulator). Alternatively, one can use a very
sharp long-pass or short-pass filter.
2. Addition of quadratic spectral phase (linear chirp) to the pump pulse in order
to vary the pulse from transform-limited to stretched. We have used the
measured information to further resolve the coherent nonlinear contribution by a
heterodyne detection method (will be discussed in more detail later in
Supplementary Materials, Section S5).
3. Choosing the polarization of the pump using a near IR broadband 𝜆/2
waveplate.
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4. Nonlinear interaction with the sample, which in our case is the fishnet sample.
Assuming instantaneous nonlinearity, the interaction with the sample results in a
convolution process, which for FWM can be written as 𝐸𝐹𝑊𝑀 (𝜔) ∝ 𝐸𝑡 (𝜔) ⊗
𝐸𝑡∗ (−𝜔) ⊗ 𝐸𝑡 (𝜔) representing the sum over all possible choices. More

specifically, each spectral component of the generated FWM signal can be
written as 𝐸𝐹𝑊𝑀 (𝜔0 ) ∝ ∫ 𝑑Ω ∫ 𝑑𝜔 𝐸𝑡 (𝜔)𝐸𝑡 (Ω − 𝜔)𝐸𝑡∗ (𝜔 + Ω).

5. Choosing the measured nonlinear FWM signal, backward FWM or forward
FWM, by flipping mirror M4 up or down, respectively.
6. Eliminating the pump spectral part by using a sharp long pass (or band pass)
filter. In our case we have used the RazorEdge ultrasteep filters from Semrock
(1319 nm and 1530 nm). Those filters have above an OD 6 change within 3 nm
bandwidth, meaning that the filter reduces the pump by 6 orders of magnitude
while maintaining the nonlinear signal. This is the reason both the pump and
nonlinear emission can be seen in Fig. 2B.
7. Using an Analyzer to retrieve only one quadrature of the fishnet cross nonlinear
response, horizontal or vertical.
8. Collecting the nonlinear signals, forward FWM or backward FWM, by an
InGaAs infrared spectrometer.
In the following, we will elaborate more on the process of the nonlinear FWM generation
from the fishnet metamaterial with truncated ultrashort pulses. We will use the following
illustration to better show how the technique allow background free measurement of the
FWM signals:
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Fig S3.
Single shot FWM concept. (A) Truncation of an ultrashort pulse using an amplitude
mask in a conventional pulse shaper apparatus (alternatively, one can use a very sharp
long-pass or short-pass filter). (B) The interaction with the sample results in 𝐸𝐹𝑊𝑀 (𝜔) ∝
𝐸𝑡 (𝜔) ⊗ 𝐸𝑡∗ (𝜔) ⊗ 𝐸𝑡 (𝜔). This third order interaction generates new colors across the
spectral range, also in the spectral regime that was cut. (C) The new nonlinear signal is
added to the existing pump. The nonlinear signal is 5-6 orders of magnitude smaller than
the input pump. Inset: in the spectral regime that was cut, the nonlinear signal is
background free. The final measured signal is collected after using a sharp long pass filter
(OD6), which transfers efficiently only the nonlinear signal, and reduces the linear part by
a 6 order of magnitude.
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S4 - Power scaling of the measured spectrum
Scaling the power of the pump will influence the generated nonlinear signal in a nonlinear
manner (power of 3), and the remaining pump in a linear manner. As can be seen in the
figure below, the signal at the short wavelengths, which is the remaining pump
wavelength components, after using a long pass filter (step 6 in the experimental flow),
scales linearly with the pump power. In contrast, the long wavelengths, which were
generated by the nonlinear interaction, increase in a nonlinear manner with a cubic relation
with the increasing of the pump power.

Fig. S4.
Power Scaling of the pump and four wave mixing in a single-shot FWM spectral
measurement. Both the FWM signal and remaining pump are observed in the spectral
measurements, and can be differentiated by their spectral location. At the bottom panel,
several spectral measurements are plotted for different pump intensities. The remaining
pump (at shorter wavelengths) is found to scale linearly with the pump power (upper left
panel in red), while the four wave mixing signal is proportional to the cube of the pump
power as expected for a third order nonlinear process (upper right panel in green).
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S5 - Heterodyne detection based on pulse shapers
We have also used a unique heterodyne detection scheme, which is based on a pulse
shaper manipulation, in order to accurately resolving the coherent parametric contribution.
This was done by subtracting a spectral trace obtained with a stretched pulse from one
obtained with a transform limited pulse. By doing so, the background, which originated
from linear scattering and diffraction, could be removed and the nonlinear coherent
response could be retrieved accurately.
In the following, we show an example of spectral measurements as a function of the pump
chirp value. In Fig. S5A, we present a two dimensional map of the measured spectra
(vertical lines) as a function of the linear chirp that was added with the SLM. Only when
the pulse is close to transform limited, a nonlinear FWM signal was generated. For a
stretched pulse the nonlinear signal is significally reduced. In Fig. S5B, we plot two
measured spectral traces, one when the pump pulse was transform limited (solid red) and
one when we stretch it using the pulse shaper (dashed black). The subtraction between the
two measurements yields a clean nonlinear four wave mixing signals.

Fig. S5:
Heterodyne detection using pulse shaper. (A) Measured spectral trace as a function of
linear chirp. As seen, only when the pulse is close to transform limited (meaning that its
spectral phase was flat, i.e. shortest pulse), a nonlinear FWM signal was generated. In a
stretched pulse the nonlinear signal is significantly reduced. (B) Two measured spectral
traces when with optimal pump pulse (solid red) or stretch pulse (dashed black). We have
used the subtraction between the two, in order to retrieve a clean nonlinear four wave
mixing signals.
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S6 - Polarization dependence of the cross fishnet
Here we will further explain the issue of measured polarization, related to the third-order
susceptibility, and show the experimental results that explore the polarization dependency.
Referring to the detailed description of the single-shot FWM technique that was given in
Section S3 of the Supplementary Materials, it is noted that we have complete control on
the polarization of both the input pump pulse and the measured linear and nonlinear output
pulses. We vary the polarization of the ultra-short pump pulse, with a 𝜆/2 waveplate (step
3 in the experimental flow). The polarized pulse then interacts in a nonlinear manner with

the fishnet metamaterial, where the dominant nonlinearity is the nonlinear susceptibility of
the gold (step 4). Last, we collect the spectrum of both the linear and nonlinear parts of the
output signal after it passed an analyzer, to retrieve separately the contribution of the
vertical and horizontal fishnet modes (step 7+8).
It is known that an incident electromagnetic field couples into the mode of a rectangular
fishnet with a polarization dependence of cos(𝜃) (9, 26). A cross-fishnet, can be

considered as a linear combination of two perpendicular fishnets modes as shown in
previous literature (33). In the linear case, a superposition of the horizontal mode and the
vertical mode will lead to a polarization independent transmission, as shown in Ref. (33).
In contrast, the nonlinear response is not polarization independent. The generated electric
field from FWM is expected to have a cos3 (𝜃) dependence on the pump polarization, thus

the intensity, will have a cos6 (𝜃) dependence on the pump polarization. This is due to the
fact that in each axis of the cross fishnet, the coupling of incident light into the mode of

the fishnet, which has dependence of cos(𝜃), is cubed due to the third order nonlinearity,
resulting in a cos3 (𝜃) polarization dependence, which is then squared when measuring

intensities. If the coupling between the axes is assumed to be negligible (as seen in the

experiments), the resulting superposition of the two axes has a dependence of a cos 6 (𝜃) +
sin6 (𝜃) response. In the figure below (Fig. S6), we plot the pump polarization response
for the pump leakage (red) and the nonlinear emission (green). The center of Fig. S6

shows an example of the measured spectral trace for a specific polarization. In the upper
panel, we show the dependency of the short wavelength spectral range as a function of the
input polarization, when we use a horizontal or vertical analyzer. As seen the dependence
11

of the input polarization is as a linear dipole of cos 2 (𝜃) , and when performing the

superposition of the two we get circular radiation pattern, as expected. In the lower panel,
we show the dependency of the higher wavelength spectral range as a function of the input
polarization, when we use a horizontal or vertical analyzer. As seen the dependency of the
input polarization is as a third order nonlinear dipole with cos6 (𝜃) dependency. In this

case when performing the superposition of the two, a 4-fold symmetry radiation pattern is
obtained, as expected. In Fig. 3B and Fig 3C, we have shown in the insets, the results

retrieved when a horizontal analyzer was used, emphasizing the cos6 (𝜃) response of the
nonlinear spectrum. We have used an analyzer in order to avoid the polarization
dependence of the spectrometer and optical components after the sample.
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Fig. S6:
Polarization dependence of the measured spectral trace. Center - an example of
measured spectral trace for a specific polarization. Each part of the spectral trace has
different polarization dependency. Upper panel – the short wavelength spectral range,
which is the attenuated pump, as a function of the input polarization, when a horizontal or
vertical analyzer is used. The dependency on the input polarization is linear, with linear
dipole of dependency of cos(𝜃), which is intensity dependence of cos 2 (𝜃) , for each
analyzer direction. The superposition of the two measurements yields a circular radiation
pattern, as expected. Lower panel – the long wavelength spectral range, which is the FWM
signal, as a function of the input polarization, when a horizontal or vertical analyzer is
used. The dependence on the input polarization is nonlinear, with dipole of dependence of
cos3 (𝜃), which is intensity dependence of cos 6 (𝜃) , for each analyzer direction. The
superposition of the two measurements yields a four-fold symmetric pattern, which is not
polarization independent, as expected from the nature of the nonlinear response.
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S7 - Why the results is not quasi-phase-matching?
We start by noting that in the fishnet metamaterials, the gold is assumed to be the source
of the nonlinearity as the nonlinear susceptibility of the gold is significantly greater than
that of the dielectric. The literature value for the 𝜒 (3) of MgF2 and Au are 4.5 ×
10−23 𝑚2 /𝑉 2 (30) and 1.2 × 10−19 𝑚2 /𝑉 2 (31,32), so gold has a three order of

magnitude larger nonlinear susceptibility. These are the values we used in the nonlinear
scattering theory calculations, shown in Fig. S2 (Supplementary Materials, Section S2).
We now perform simple calculations to determine whether quasi-phase matching is a
possible explanation for the phase matched backward FWM. The refractive indices of the
metal (Au) and dielectric (MgF2) at 1320 nm are 1.23 + 8.64𝑖 and 1.37, respectively.

Quasi-phase matching occurs when the momentum associated with the periodicity (2𝜋/Λ)
of the nonlinear sources is equal to that of the momentum mismatch of the nonlinear
process (Δ𝑘). For backward four wave mixing the momentum mismatch will be Δ𝑘𝑏 =

2𝑘𝑝𝑢𝑚𝑝 − 𝑘𝑠𝑖𝑔𝑛𝑎𝑙 + 𝑘𝑖𝑑𝑙𝑒𝑟 = 2𝑘0 where 𝑘0 = 2𝜋𝑛/𝜆 so the required periodicity can be

obtained by equating the momentum provided by the grating and the phase mismatch of
the nonlinear process:

2𝜋
Λ

= 2𝑘0 → Λ =

𝜋

𝑘0

.

When we assume a constant refractive index, which is equal to that of the dielectric,
n=1.37, the required periodicity will be Λ = 462 nm. In the experiment, the periodicity (80
nm) is smaller by a factor of 6, indicated that quasi-phase matching is not a likely
explanation for the presented results.

To investigate this question in more detail, we solve the 1D nonlinear Schrodinger
equation:
2
2
𝑑2 𝐸𝑖𝑑𝑙𝑒𝑟 (𝑧) 𝑛2 𝜔𝑖𝑑𝑙𝑒𝑟
4𝜋𝜔𝑖𝑑𝑙𝑒𝑟
𝜇 𝑁𝐿
+
𝐸𝑖𝑑𝑙𝑒𝑟 (𝑧) +
𝑃 (𝑧) = 0
2
2
2
𝑑𝑧
𝑐
𝑐

where 𝑃𝑁𝐿 (𝑧) = 𝜒 3 (𝑧)𝐴2𝑝𝑢𝑚𝑝 𝐴∗𝑠𝑖𝑔𝑛𝑎𝑙 𝑒 𝑖�2𝑘𝑝𝑢𝑚𝑝 −𝑘𝑠𝑖𝑔𝑛𝑎𝑙�𝑧 is the source of the nonlinearity
and 𝐸𝑖𝑑𝑙𝑒𝑟 (𝑧) is the generated field, 𝐴𝑝𝑢𝑚𝑝 and 𝐴𝑠𝑖𝑔𝑛𝑎𝑙 are the electric field envelopes
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of the pump field and signal. We take the undepleted pump and unamplified signal
approximations.
We solve the nonlinear wave equation in both a medium with a uniform 𝜒 (3) and with a

periodically spaced nonlinearity, corresponding to nonlinearity only originating from the
30 nm gold layers. We find that for the periodicity used in the experiment (80 nm), the
solution for continuous and periodic nonlinearity yield identical results as seen in the
figure below (Fig S7A). In both cases the nonlinear yield in the forward direction grows
coherently during propagation in the material, with the final result that the forward FWM
is much larger than the backward. This shows that QPM is not significant for this
periodicity.
In contrast, if the periodicity is increased to 460 nm, then the backward propagation
becomes quasi-phase matched, as predicted by momentum matching arguments. In this
case, the forward and backward intensities are equal as seen in Fig. S7B (dashed red). In
addition, the solution for uniform nonlinearity no longer agrees with the periodic solution:
the solution for uniform nonlinearity shows phase matching in the forward direction only,
illustrating that the backward phase matching is due to quasi-phase matching.
We now consider the effect of the periodicity of the refractive index in addition to the
periodicity of the nonlinearity as this can cause additional quasi-phase matching effects; as
the dielectric has a slightly larger refractive index than the metal (Δ𝑛 = 0.2). Now we

solve for the propagation of the pump field through the multilayer slab. The imaginary
part of the index of the metal is neglected for this proof of principle calculation. We

observe, that when we took into account the refractive indices and thicknesses of the
layers, the previous conclusion that the homogenized and periodic solutions agree in the
80 nm period fishnet is still valid. Due to reflections from the boundaries, more backward
four wave mixing can be observed in all cases.
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Fig. S7
Illustrating that quasi-phase matching is negligible for the periodicity used in the
experiment. The solution of the nonlinear Schrodinger equation for four wave mixing in a
uniform (solid red curve) and periodic (dashed red curve) 𝜒 (3) material are presented. In
(A,B) only modulation of 𝜒 (3) is taken into account (a homogeneous refractive index of
n=1.37 is used), while in (C,D) both the 𝜒 (3) and discrete refraction index variations (i.e.
𝑛𝐴𝑢 = 1.2 and 𝑛𝑀𝑔𝐹2 = 1.37) are accounted. (A) For the 80nm period, the nonlinear
generation in a continuous (solid curve) and periodic nonlinear source (dashed curve) have
nearly identical yield. In both cases the forward generation is far larger than the backward.
(B) If the period is increased by 6 times, then the backward propagation is quasi-phase
matched and the forward and backward propagation are nearly equal. When accounting
for both the 𝜒 (3) and discrete refraction index variations then (C) for the 80nm period, the
nonlinear generation in a continuous have nearly identical yield. In contrast, for (D) the
440 nm period, the yield for discrete and homogenous media differs considerably. The
product of susceptibility and volume of nonlinear material is constant between the uniform
and periodic cases.
In all cases considered, the homogenized and discrete solutions to the nonlinear wave
equation show excellent agreement for the 80 nm period. These calculations suggest that
the experimentally observed phase matching of the backward generation is due to the
effective index of the metamaterial, rather than quasi-phase matching effects.
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S8 - Bandwidth of the ultrashort pulse vs. fishnet’s refraction index response
In the following we discuss our treatment of the FWM generation through the intrapulse
interaction in relation to the fishnet’s refraction index response. In Fig. S8, we plot the
comparison between the refraction index frequency response of the fishnet metamaterial
(solid blue), and the bandwidth of the pump pulse (dashed dotted red), which show that all
the frequency components of the pulse experience very similar values of refraction index
(|𝑅𝑒{𝑛}| ≤ 0.015). It worth noting that the nonlinear signal in our experiments is

generated at the long wavelength tail of the pulse, meaning that the nonlinear signal is
experiencing 𝑅𝑒{𝑛} → 0, throughout the propagation.

Also, we will note that the form of the intra-pulse FWM nonlinear polarization, after
neglecting the amplitude variation associated with the Gaussian envelope of the pulse and
second order dispersion, is identical to that of degenerate four wave mixing with a single
wavelength laser 𝑃𝑁𝐿 ∝ e𝑖𝑘(𝜔0

)𝑧+𝑖

𝜕𝑘
(𝜔−𝜔0 )𝑧
𝜕𝜔

, described by the wave vector of the central

frequency. This means that the phase matching effects for the intra-pulse FWM and
degenerate single-frequency FWM are identical in this limit. As an example, for a
spectrally broad pulse propagating in a multi-domain material with linear dispersion (e.g.,
near the zero crossing of the refractive index), the nonlinear generation in each refractive
index domain will have the same phase matching relation as if each domain was probed
separately with a single frequency laser. The four wave mixing is broader than the input
pulse by a factor of √3, which will cause a broadening of the input pulse as a consequence

of the intra-pulse four wave mixing. The four-wave mixing is only measured at the tail of
the pulse, giving the appearance of a red-shift.

We conclude that in our case the fishnet experience the same refraction index, due to the
relatively narrow bandwidth of the ultrashort pulse and the short propagation length.
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Fig. S8:
The relation between the refraction index frequency response of the fishnet metamaterial
(solid blue), and the bandwidth of the pump pulse (dashed dotted red). As seen, all the
frequency components of the pulse experience very similar values of refraction index
(𝑅𝑒{𝑛}| ≤ 0.015). It worth noting that the nonlinear signal in our experiments is
generated at the longer wavelengths, where it experiences 𝑅𝑒{𝑛} → 0.
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