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this article, the basic concept of adiabatic frequency conversion
is introduced, and recent advances in ultrashort physics, multiprocess systems, and the fully nonlinear dynamics regime are
reviewed.
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1. Introduction
Adiabatic processes in a dynamical system occur when
an external perturbation of the system varies very slowly
compared to its internal dynamics, allowing the system the
time to adapt to the external changes [1]. Mathematically,
it means that for the entire dynamical evolution, the system
remains at one of the system’s eigenmodes. These processes were investigated in many subfields in physics and
engineering, ranging from adiabatic evolution in nuclear
magnetic resonance, coherently excited quantum atomic
systems, optical switching, waveguide arrays and recently
even in quantum computation [1–5]. With the use of ultrashort lasers with controllable shapes, adiabatic processes
have gained practical importance for coherent manipulation
of atoms and molecules, providing a robust way of steering
a quantum system into desired states. Only in recent years, it
was understood that adiabatic dynamical processes can play
a significant role also in optical frequency conversion, suggesting alternative schemes for efficient conversion [6–9].
Using standard frequency conversion techniques, one
could achieve either complete frequency conversion for
narrowband spectrum or inefficient conversion for broad
bandwidth [28]. The introduction of adiabatic frequency
conversion resolved the bandwidth-efficiency trade-off, and
achieved efficient scalable broadband frequency conversion
[6–9]. Adiabatic dynamics in frequency conversion was
first theoretically suggested for second harmonic genera-

tion (SHG), predicting robust conversion of fundumental
light source to its second harmonic [6, 7]. The analogy
between coherently excited multi-level quantum systems
and electromagnetic waves coupled by an undepleted pump
wave in a nonlinear crystal was introduced in Ref. [8], suggesting and experimentally realizing the concept of Rapid
Adiabatic Passage (RAP) in frequency conversion. In a set
of experiments, a robust broad bandwidth conversion with
very high efficiency for sum frequency generation (SFG)
from the near-IR into the visible has been performed. It
was confirmed that the conversion process is insensitive to
small changes in parameters that affect the phase mismatch
such as crystal temperature, interaction length, angle of incidence, and input wavelength [9]. The method was applied
successfully to the up-conversion and down-conversion of
ultrashort pulses, where conversion of Ti:S oscillator pulses
with near-100% efficiency for ultrabroadband spectrum has
been obtained [10–12,16], allowing the generation of highenergy, multi-octave-spanning IR pulsed sources.
The concept of adiabatic evolution has been extended
beyond RAP mechanism by introducing analogous schemes
of adiabatic dynamics of coherently excited multi-level
quantum systems into frequency conversion, predicting
and demonstrating new and unique phenomena. Two such
novel schemes are adiabatic elimination mechanisms and
the introduction of a scheme analogous to Stimulated Raman Adiabatic Passage (STIRAP) from three level atomic
dynamics, providing complete frequency conversion
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Abstract Adiabatic evolution, an important dynamical process
in a variety of classical and quantum systems providing a robust way of steering a system into a desired state [1–5], was
introduced only recently to frequency conversion [6–9]. Adiabatic frequency conversion allowed the achievement of efficient
scalable broadband frequency conversion [8,9] and was applied
successfully to the conversion of ultrashort pulses, demonstrating near-100% efficiency for ultrabroadband spectrum [10–16].
The underlying analogy between undepleted pump nonlinear
processes and coherently excited quantum systems was extended in the past few years to multi-level quantum systems,
demonstrating new concepts in frequency conversion, such as
complete frequency conversion through an absorption band
[17–20]. Additionally, the undepleted pump restriction was removed, enabling the exploration of adiabatic processes in the
fully nonlinear dynamics regime of nonlinear optics [21–26]. In
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through a highly absorptive frequency band [17, 18]. In the
case of adiabatic elimination, it was shown that in addition
to the material dispersion, phase matching also depends
on the pump intensities, in analogy to the Stark shift in
atomic systems. Another method directly extends the basic approach, facilitating efficient broadband multi-process
frequency conversion between very far or near frequencies
[19, 20].
Recently, the restriction of the undepleted pump assumption in the analysis, which linearizes the dynamics,
was removed, thereby allowing the exploration of adiabatic
processes in the fully nonlinear dynamics regime of nonlinear optics [21–26], in which all the interacting waves
may be depleted or amplified. Experimental results have
already been obtained for optical parametric amplification
(OPA) [13–15], and the analysis is expected to significantly
expand the use of the method to other nonlinear processes
such as SHG and four wave mixing (FWM).
Here we outline the background of the adiabatic mechanism and review recent advances in the field. Our goal in
this paper is to allow the AMO (atomic, molecular, optics)
and the NLO (nonlinear optics) researchers to share a common language and understanding in the use of adiabatic
processes for frequency conversion. This review is organized as follow: in Section 2, we start with a short overview
of the fundamentals of frequency conversion using nonlinear optics. We continue by presenting the analogy between
the dynamics of sum and difference frequency generation
(SFG and DFG) processes to the known dynamics of two
level atomic systems and spin–1/2 from nuclear magnetic
resonance. In Section 3, we introduce the concept of adiabatic frequency conversion, and present the Landau-Zener
criterion in the context of nonlinear optics, as an analytical
tool of measuring adiabaticity (and thus conversion efficiency) of the process. Also, we present, the eigenvalues
diagram, which as the dressed-state picture from atomic
physics, provides an intuitive understanding of the dynamics. In Section 4, we discuss the mechanism using ultrashort
pulses, and review recent works on the achievement of octave spanning mid-IR sources. Section 5 is devoted to the
extension of adiabatic frequency conversion into multi-step
processes in nonlinear optics, such as adiabatic eliminated
system and STIRAP. In Section 6, several recent studies on
adiabatic processes in the fully nonlinear dynamics regime
will be reviewed. We summarize and discuss future outlook
in Section 7.

2. Fundamentals of frequency conversion

phase matching (QPM) method as a way to manipulate the
conversion process. Further reading on those topics can be
found in any textbook of nonlinear optics [28, 29].

2.1. The nonlinear coupled wave equations
In linear optics, the induced polarization, P(t), of a material system depends linearly upon the applied electric field
strength, E(t) = A(z)ei(kz−ωt) , in a manner that follows the
relationship: P(t) = ε0 χ (1) E(t), where ε0 is the electrical
permittivity of vacuum and χ (1) is known as the linear
susceptibility. In nonlinear optics, the optical response can
often be described by expressing the polarization P(t) as a
power series in the field strength E(t) as:

P(t) = ε0 χ (1) E(t) + χ (2) E 2 (t) + χ (3) E 3 (t)

+ · · · + χ (N ) E N (t)
= ε0 χ (1) E(t) + P N L (t).

(1)

The quantities χ (i) are known as the i-th order nonlinear optical susceptibilities, which are tensors of rank
i. In general, the nonlinear susceptibilities depend on the
frequencies of the applied fields, but under our present assumption of instantaneous response and the fact that those
frequencies are far from the material’s resonances, we can
take them to be constants.
The general dynamical equation, which is written assuming the scalar approximation and employing the slowly
varying envelope approximation (assuming slow variation
of the envelope over a wavelength scale) can be derived for
the propagation of the electromagnetic fields,
∂ A j (z, t)
1 ∂ A j (z, t) iβ ∂ 2 A j (z, t)
+
+
∂z
vg
∂t
2
∂t 2
=i

2π ω N L
P (z, t),
nc j

(2)

∂k
∂ k
where, v1g = ∂ω
and β = ∂ω
2 are the inverse of the group velocity and group velocity dispersion (GVD), respectively.
This derivation, which takes into account the main dispersion properties of the waves inside the materials, is
important for the propagation of ultrashort pulses (broad
spectral bandwidth). Also, we note that the intensity that
is associated with the wave at frequency ωj in MKS the
  12  
2
system, is given by I j = 2n μ∈0  A j  , where ∈0 =
2

0

Nonlinear optics is the study of phenomena occurring when
the optical properties of a material system are modified by
the presence of light. The modification depends nonlinearly on the strength of the optical field, and as a consequence, new optical frequencies can be generated in a
process known as frequency conversion. In this Section, we
briefly develop the essential dynamical equations of waves
mixing in nonlinear optics, discuss the requirements for frequency conversion and present the physics behind the quasi
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8.85 × 10−12 F/m, μ0 = 4π × 10−7 H/m. The full derivation and related quantities can be found elsewhere [28].
In the important case of monochromatic and quasimonochromatic lasers, one can neglect the group velocity
and GVD terms and obtain the known propagation equation
in a nonlinear medium:
∂ A j (z, t)
2π ω N L
=i
P (z, t).
∂z
nc j

(3)
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We will start by analyzing frequency conversion using
three wave mixing (TWM) process, where the nonlinear
polarization contains only the second-order nonlinear term
of the induced polarization. The indices j = 1,2,3 represent signal, pump, and idler waves, respectively. In these
processes, light of two frequencies is mixed in a nonlinear crystal, resulting in the generation of a third color at
the sum or difference frequency. These three-wave mixing
processes, also known as SFG and DFG, are typically very
sensitive to the incoming frequencies. This is due to the
phase mismatch between the waves, which is the lack of
optical momentum conservation, originated from the dispersion of the waves in the medium. In more rigorous form,
the phase mismatch parameter is defined as k = k1 +
i
k2 − k3 , where the wavevector is ki = n(ωi)·ω
and n(ωi )
c
is the refraction index of the material involved. Due to
the fact that in all materials n(ωi ) is frequency dependent, a phase matching condition is usually not satisfied.
Also, one
 can
 calculate the total accumulated phase as
φ(z) = k z  dz  , where in the general case the phase
mismatch may vary over the propagation length.
By substituting explicitly the interacting waves into the
dynamical equations presented in Eq. (3), three coupled
nonlinear wave equations are obtained:
χ (2) ω12 ∗
d A1 (z)
=i
A A3 e−ikz ,
dz
k1 c2 2

(4a)

χ (2) (z) = χi(2)
jk sign [cos (2π z/ )] ,

(5)

(2)
where χi(2)
tensor element. This periodic
jk is the relevant χ
function can be written in the form of a Fourier series:

 mπ 
2π m
2
sin
exp i
z
mπ
2
m=−∞
∞

χ (2) ω22 ∗
d A2 (z)
=i
A A3 e−ikz ,
dz
k2 c2 1

(4b)

χ (2) ω32
d A3 (z)
=i
A1 A2 eikz .
dz
k3 c2

(4c)

χ (2) (z) = χi(2)
jk

(6)

2.2. Phase matching and quasi phase-matching
As explained in the previous section, the phase mismatch
k between the waves causes the conversion process to be
inefficient. Here, we would like to elaborate more on this
crucial parameter, and to describe techniques for phasematching compensation. We begin by defining the coherence length, lc ≡ π/ |k|. In the absence of any phase
matching mechanism, waves generated at locations separated by lc along the crystal are out of phase with each
other (i.e. their phases are π -shifted with respect to each
other). As a result, the direction of energy flow between
the waves is reversed with propagation of distance lc , preventing any buildup of the generated wave and causing the
conversion to be inefficient. Note that lc is inversely proportional to the phase mismatch, meaning that large |k| value
leads to a shorter distance over which conversion can effectively be performed. When a phase matching technique is
being used, the phase-mismatch between the waves could
be compensated, so the interaction length over which the
direction of energy flow is maintained is no longer limited
by the phase-mismatch, but rather by the depletion of the
interacting waves.

www.lpr-journal.org

Compensating phase mismatch can be done in
several ways. The two most widely used methods to facilitate control over the phase-mismatch
are birefringence phase-matching [30] and QPM
[28, 31–33]. In the former, birefringent nonlinear crystals
are used to mix different polarizations [28], which pose a
limitation on the tensor elements of χ (2) that can be utilized.
The geometry required for birefringence phase-matching
may also introduce unwanted walk-off between the interacting beams. On the other hand, the QPM method allows a
simple and robust way of manipulating the phase mismatch
parameter, which makes it the most attractive in terms of
experimental realization. In the following section, we explain the QPM technique in detail. Further information can
be found elsewhere [32, 33].
In a periodically poled crystal, the sign of the nonlinear
susceptibility is inverted with each successive domain, (i.e.,
the sign of χ (2) is modulated along a ferroelectric crystal by
means of electric field poling [34]) with each domain width
equal to the coherence length of the nonlinear process lc . To
understand how this modulation facilitates phase-matching,
let us consider a periodic modulation with period ,

Let us assume that for all the terms in the series, except
the first one (m = 1), the phase mismatch is very large,
hence we can ignore their contribution to the nonlinear
process. Substituting only the first order term into Eq. (6)
yields
2χ (2) ω12 ∗
d A1 (z)
=i
A A3 e−i(k−2π/
dz
π k1 c2 2

)z

(7a)

2χ (2) ω22 ∗
d A2 (z)
=i
A A3 e−i(k−2π/
dz
π k2 c2 1

)z

(7b)

2χ (2) ω32 ∗
d A3 (z)
A A2 ei(k−2π/
=i
dz
π k3 c2 1

)z

(7c)

As seen in Eqs. (7), the effective phase mismatch parameter is the summation of the dispersion
phase mismatch and an artificial phase-mismatch,
i.e., k + k (z) = ksignal + k pump − kidler + k (z),
where k (z) = −2π/ and (z) is the local poling
period. The modulation period can thus be chosen such that
k − 2π/ = 0 and so phase-matching will be obtained
in the first-order Fourier approximation. The magnitude of
the coupling coefficients for this case will be determined
by the amplitude of this Fourier component, namely 2/π .
This modification stems from the fact that the contribution
to the coupling from all the other terms in the Fourier series
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Figure 1 (a) Non-phase matched interaction (b) Quasi phased-matched interaction
(c) The generated SFG intensity for the nonphase matched chase. (d) The generated
SFG intensity for QPM interaction.

is negligible, since they are characterized by a rapidly
oscillating exponential term which is averaged to zero by
integration over the interaction length. In this manner, any
single process involving any triplet of frequencies, with any
combination of polarizations, can be quasi-phase-matched,
in principle (i.e. ignoring technological limitations). It
also allows the use of any of the tensor elements of χ (2) ,
and in particular large diagonal terms that cannot be used
in the case of birefringent phase matching. Furthermore,
walk-off is eliminated by operating along principle axes of
the crystal. The QPM mechanism is illustrated in Fig. 1.
More generally, by tuning the spatial structure of the
domains, this technique allows to design almost any desired function of the phase mismatch parameter. Usually,
for an aperiodic design it is reasonable to expand k (z)
2
2
in a power series: k (z) = k0 + ∂k
z + 12 ∂∂zk
2 z +
∂z
1 ∂ N k N
· · · + N ! ∂z N z . For such arbitrary binary modulation, the
Fourier series is replaced with a Fourier transform, and the
same procedure can be repeated.

2.3. Analogy of SFG/DFG processes with two
level systems
The three nonlinear coupled equations, shown in Eq. (4),
can be simplified assuming that one of the incoming wave
(termed pump in our analysis) is much stronger than the
other two. In this very special simplification, which is
known as the undepleted pump approximation, the pump
amplitude, A2 , can be considered to be constant along the
propagation, resulting in two linear coupled equation rather
than the three nonlinear ones [28]:
d Ã1 (z)
= iκ Ã3 e−ik z
dz

(8a)

d Ã3 (z)
= iκ ∗ Ã1 eik z
dz

(8b)
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Here again, k = k1 + k2 − k3 is the phase mismatch,
χ (2) ω1 ω3
z is the position along the propagation axis, κ = √
A2
2
k1 k3 c

is the coupling coefficient.
The normalized
signal and
√
√
idler amplitudes are Ã1 ≡ ω1 kA12 A1 and Ã3 ≡ ω3 kA32 A3 . These
equations are termed linear in the sense that they describe
linear dynamics (dictated by parameters independent of system state), as opposed to Eq. (4), which describe a nonlinear
dynamics that depends on the state of the system.
The coupled wave equations of SFG and DFG processes
in the undepleted pump approximation share their dynamical behavior with other two states systems, such as nuclear
magnetic resonance (NMR), polarization optics, the dynamics of two coupled pendulums, and the interaction of
coherent light with a two-level atom, due to the fact that
it possess SU(2) dynamical symmetry [35]. Some of those
analogous systems are presented in Fig. 2, where the evolution parameter is either the time parameter (spin 1/2 and
two level atom) or the propagation parameter as in polarized light in single mode optical fiber and in SFG or DFG
processes. The dynamics in any SU(2) system is dictated by
two parameters – the coupling between the modes or states
(which is sometime referred to as the off-diagonal term in
the Hamiltonian of a dynamical system) and the phase mismatch between the modes (which is the diagonal term in the
Hamiltonian). These are written explicitly below each dynamical system shown in Fig. 2. In frequency conversion,
those are the two z-dependent parameters, k(z) and κ(z),
the phase-mismatch and coupling coefficient respectively
[8].
Though the dynamics is dictated only by those two parameters, it can be solved analytically only for limited cases
[35, 36]. One such solvable example, in frequency conversion, is when the phase mismatch is constant [28]. In this
case, full energy transfer from signal to idler (SFG process)
or vice versa (DFG process) is achieved only in the case of
perfect phase matching (k(z) = 0), and only when κz =
nπ is satisfied with odd n. This is known in the literature of
NMR and atomic physics as complete Rabi flopping. Other

www.lpr-journal.org

REVIEW
ARTICLE
Laser Photonics Rev. 8, No. 3 (2014)

337

Figure 2 A formal equivalence can be shown between a number of diverse physical systems, such as polarization modes in a fiber with
difference β(z) in propoagation constants and coupling κ(z), spin 1/2 case excited by a magnetic pulse at a radial frequency R (t),
μ ε (t )
which is detuned by f(t) from the resonance frequency, coherently excited two level atom with a coupling coefficient of Veg (t ) = p ,
(where εp (t) is the pump’s electromagnetic field and μ is the electronic dipole moment), also termed as the optical Rabi frequency,
detuned by (t) from the resonance frequency, and the SFG process with an undepleted pump.

Figure 3 Constant coupling dynamics (a) Two dimensional map of the conversion efficiency as a function of propagation length and
the input wavelength. (b) Geometrical visualization of the SFG dynamics on a SFG Bloch Sphere. Two trajectories are plotted: perfect
phase matching (blue, torque vector points to the equator) which can result in efficient conversion, and a constant nonzero phase
mismatch (orange, torque vector points to a point in the south hemisphere), always resulting in an inefficient conversion process.
Upper inset shows the projection of the trajectory onto the w axis, which is the conversion efficiency. Lower inset shows a QPM crystal
with a constant phase matching along the propagation.

values of constant phase mismatch result in an inefficient
frequency conversion. In Fig. 3a we show numerical simulations of the expected conversion efficiency as a function of
propagation length (horizontal axis) and signal wavelength
(vertical axis), where we choose the perfect phase matching
for λ = 1550 nm. As seen, only for that wavelength, complete conversion could occur, and only in a discrete number
of location along the propagation length.
Methods for approximate solutions, such as perturbation theory, are also available. In the weak coupling limit,
the dynamics can be solved fully in the Fourier domain
[37], but due to its perturbative nature, it will be limited to
low conversion efficiency. In the general case of a complex
valued dynamics of SU(2) symmetry, where the phase mismatch parameter varies along the propagation, there isn’t a
known analytical solution, a statement which is also true in
NMR and in light-matter interaction in two level systems
[35, 36]. For those cases which cannot be solved analyti-
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cally, it is particularly convenient to use a geometrical representation, which gives a physical intuition to the evolution
of the dynamics (the conversion along the propagation in
the case of frequency conversion), without solving or fully
simulating the dynamical process.

2.4. Geometrical representation of SU(2)
dynamics
For the geometrical representation, the geometrical formulation approach presented by F. Bloch for spin 1/2 systems
[38], R. Feynman et al. for atomic systems [39] and by
H. Poincare in polarization optics [40], were adopted to
write the dynamics of SFG/DFG system as a real three dimensional vector. Such representation allows the geometrical visualization on a sphere, known as Bloch sphere. In
frequency conversion, the state vector, ρ SFG = (U, V, W )
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is defined as follows
U SFG = A∗3 A1 + A∗1 A3

VSFG = i A∗3 A1 − A∗1 A3

(9b)

W SFG = |A3 |2 − |A1 |2

(9c)

(9a)

This vector represents the relation between the signal
and idler fields along the crystal. In particular, the WSFG
component gives information about the conversion efficiency. The South pole ρ SFG = (0, 0, −1) corresponds to
zero conversion (A3 = 0), while the north pole ρ SFG =
(0, 0, 1) corresponds to full conversion. In between, the
conversion efficiency can be evaluated by η = (WSFG2 +1) . The
loss-free evolution equations can be written as a single vector precession equation:
d ρ SFG
= g × ρ SFG
dz

instance) and end in another mode (ω3 ), while remaining in
the same eigen-mode along the entire propagation, allowing nearly complete frequency conversion for ultrabroad
optical bandwidth.
Here, we layout the mathematical and physical background for the adiabatic process in two level dynamics, and
analyze the robustness of the adiabatic SFG scheme, both
theoretically and experimentally. We introduce the LandauZener conversion efficiency formula, which is used to estimate the efficiency of the adiabatic conversion process.
The robustness of the adiabatic method is discussed as well,
showing efficient conversion for wide range of frequencies
and temperatures, up to two orders of magnitude larger than
standard phase matching. We also present the eigenvalues
diagram that gives an intuitive illustration of the diabatic
and adiabatic evolution in such systems, which will then
be used in the following sections to analyze more complex
multi-step processes.

(10)

where the torque vector g = (Re{κ}, lm{κ}, k) represents
the coupling between the fields. Figure 3b presents the case
of constant phase matching case, where the perfect phase
matched solution (i.e. k = 0) for full conversion [28], has
the same dynamical trajectory on the Bloch sphere surface
as on-resonant interaction in atomic physic [35]. This results in oscillatory dynamics between the two modes (“Rabi
oscillations” in atomic or spin 1/2 systems). An odd π pulse in optical resonance is analogous to full transfer of
energy from ω1 to ω3 (ω3 to ω1 ), i.e. the SFG state vector is rotated from the south pole (north pole) to the north
pole (south pole). Any non-zero phase mismatch will lead
to a dynamics similar to a detuned resonance interaction,
which exhibits faster oscillations and lower conversion efficiencies, as shown in the upper inset of Fig. 3b. The efficiency value of the constant phase-mismatch dynamics is
2
η = κg2 sin2 (gz) [28].

3.1. Mathematical layout
Let us write the z-dependent dynamics of the SFG process
as presented in Eqs. (8) in the rotating frame using matrix
form:

χ (2) ω12 ∗ ikz
A
e
0
∂
A1
A1
2
2
k1 c
i
= χ (2) ω2
−ikz
A
3
3
∂z A3
A2 e
0
k3 c2
→i

∂
∂z
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−k(z)
κ
k(z)
κ∗

=

Ã1
Ã3

(11)

In that frame, the states
with amplitudes Ã1 =
√
k3
−ikz
A1 e
and Ã3 = ω3 A2 A3 e−ikz are commonly
called the bare states in the terminology that is taken from
quantum literature [27]. In order to retrieve the adiabatic criteria, it is preferable to move to the adiabatic basis, which
is the basis of the system’s eigenvectors. This will be done
by the following transformation [27, 41]:
√
k1
ω1 A 2

3. Rapid adiabatic passage in frequency
conversion
The analogy of the dynamics in nonlinear optics media and
the rich framework of discrete level dynamics in atomic
systems, spin 1/2 system and other SU(2) dynamical systems open exciting new possibilities. Here we consider one
unique scheme, the RAP mechanism, which was implemented recently in the realm of frequency conversion [8].
Adiabatic processes in general, and RAP mechanism in
particular, occur when an external perturbation of the system varies very slowly compared to the internal dynamics
of the system, allowing the system time to adapt to the
changes. Mathematically, it means that the system remains
in one of its eigenmode for the entire dynamical evolution.
In frequency conversion, we will show that by changing
the coupling or the phase-mismatch between the interaction waves in an adiabatic manner, the system can evolve
from an initial mode (in which all the energy is at ω1 for

Ã1
Ã3

B1
B3

=

cos(θ )
− sin(θ )

Ã1
Ã3

sin(θ )
cos(θ )

,

(12)

where,
tan(θ ) =

κ(z)
k(z)

The new states, with amplitudes Bi (z), are known as
the adiabatic states or the dressed states of the system in
the quantum literature, and they obey the following set of
coupled equations:
i

∂
∂z

B1
B3

=

−ε(z)
i θ̇ (z)

−i θ̇ (z)
ε(z)

B1
B3

(13)

where
ε(z) =


κ 2 (z) + k 2 (z)
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Figure 4 Adiabatic conversion scheme of SFG. (a) Conversion efficiency for the adiabatic aperiodic design along the propagation axis
(horizontal axis) and different input wavelength (vertical axis). (b) The adiabatic following trajectory. Upper inset shows the projection
of the trajectory onto the w axis. In this trajectory, the phase matching condition is fulfilled only at z = 1 cm, and the effective length of
the conversion is 3 mm. The lower inset shows that continuous adiabatic variation of the phase mismatch parameter is required.

The condition for adiabatic evolution is obtained when
the off diagonal parts of the dynamics in the adiabatic frame
are much smaller than the diagonal ones. It results in the
following inequality:


 
3
 dκ

 dθ 
 2
 k − κ dk 
 
ε(z)
→
κ + k 2 2
 dz

 dz 
dz
(14)
If the coupling coefficient is constant along the propagation, the adiabatic criterion reduces to:


 dk 


 dz 

 2
κ + k 2
|κ|

3
2

(15)

From the adiabatic inequality, we see that in order to accomplish adiabatic passage, the sweep rate of the phase mismatch parameter along the propagation should vary slowly
with respect to the square of the coupling term. The phase
mismatch parameter, k(z), also should be very large in
the entrance and exit of the crystal (positive or negative),
i.e. |k|
κ, and k(z = 0) < 0, k(z = L) > 0 (or
vice versa). This requirement makes the bare states and the
adiabatic states coincide at the beginning and end of the
interaction (see Eq. 12). If the rate of variation is not slow
enough, or the coupling coefficient is not large enough, this
inequality will not be satisfied and the conversion efficiency
will be poor. In any practical realization, where the crystal
length is finite, the adiabaticity condition, corresponding to
a conversion efficiency of 100%, can only be asymptotically reached. The exact variation of k(z) function along
the propagation is not so critical as long as the adiabaticity
condition is satisfied. Due to such variation in the nonlin-
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ear crystal, many wavelengths can meet this criterion, thus
allowing a unique opportunity for efficient broadband conversion devices. In Fig. 4a, we plot a numerical simulation
of the conversion efficiency of such process as a function
of propagation axis (horizontal axis) and seed wavelength
(vertical axis) in the case of the adiabatic design. As seen, at
the end facet of the crystal all the wavelengths in that optical range were converted efficiently. The conversion of each
frequency component occurs in a different location along
the nonlinear crystal, correlating with the location of k(z)
≈ 0 for the interacting waves involved. The geometrical
trajectory of the adiabatic evolution for seed wavelength of
λ = 1550 nm can be viewed on the surface of the Bloch
sphere as shown in Fig. 4b.
It should be noted that the adiabatic criterion could be
obtained also by tuning adiabatically the coupling coefficient of the dynamics, κ(z), as can learned from Eq. (14).
With QPM, this can be done by varying the duty cycle of the
nonlinear modulation pattern, which has a direct influence
on the coupling coefficient.

3.2. The dressed state picture - Visualization
using Eigenvalue diagrams
The eigenvalues of the dynamical system can be viewed in
a graphical visualization, known as the eigenvalue diagram
[20], or the dressed state picture in the quantum literature
[27]. In the diagram, it is common to plot two types of
curves: the eigenvalues in the absence of coupling, i.e. the
eigenvalues of the bare states of the system, and the eigenvalues when the coupling term is involved, which are the
eigenvalues of the dressed states. Such diagram provides
valuable information on the dynamics of the system and
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Figure 5 Adiabatic evolution of SFG with
undepleted pump. Numerically obtained intensities along an adiabatically chirped crystal: (a) increasing period (c) decreasing period. The adiabatic interactions in (a) and
(c) follow the paths marked with arrows in the
eigenvalues plots in (b) and (d), respectively.

in particular gives a physical intuitive understanding if the
dynamics is abrupt or adiabatic.
In order to describe the eigenvalues diagram for SFG,
we start with the case where there is no coupling, i.e. κ =
0, so the coupling matrix in the right hand side of Eq. (11)
is diagonal. Therefore, if only one of the interacting waves
has nonzero amplitude, the system will be in an eigenstate.
Clearly, in this case, the two interacting waves are eigenstates of the system, i.e. they are the bare states. Each wave
e
e
then evolves as Ã j (z) = Ã j (0) exp(ik bar
z), where k bar
is
j
j
bar e
its eigenvalue. Mathematically, k j are the eigenvalues of
the coupling matrix in the right hand side of Eq. (11). (Note
e
that k bar
are not the same as the wavenumbers kj , which are
j
the carrier spatial frequencies of the waves with the slow
complex envelopes Aj of Eq. (11)). In Fig. 5b, we have
plotted the eigenvalues of the bare states against the local
QPM modulation period as black solid lines. Due to our
choice of the reference frame, the eigenvalue of Ã3 , k3bar e ,
is identically zero, and the eigenvalue of the Ã1 wave, k1bar e ,
is inversely proportional to the QPM period. At the crossing point of these two lines we have k1bar e = k3bar e , meaning
that at this point the total phase difference between the two
waves is zero. This is the phase-matching point, i.e. it corresponds to the QPM modulation period that phase matches
the SFG process. When coupling is present (due to the presence of the pump laser), the eigenstates of the system are
the dressed states. They are different from the bare states,
and correspondingly have different eigenvalues. We have
plotted these eigenvalues as dashed blue lines in Fig. 5b.
These lines bend such that the crossing is avoided, where
greater pump intensity results in greater bending. Far from
the crossing the dashed and solid lines overlap. The physical interpretation gained from this diagram is that owing
to the coupling, the situation where only one of the two
amplitudes is nonzero is no longer an eigenstate of the system near the crossing. Therefore, if such a state is obtained
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near the crossing, energy will be transferred from one wave
to another as light propagates along the crystal. This corresponds to the explanation given above, on the effect of
phase mismatch on the coupling between the two interacting waves. Note that far from the crossing the dashed and
solid lines overlap, meaning that when the phase-mismatch
is large, the eigestates in the presence or absence of coupling are the same (there is no difference between the bare
states and the dressed states). Therefore, in this situation, the
two waves are the eigenstates of the system, regardless of
the pump. The corresponding physical interpretation is that
when the phase-mismatch is large, energy transfer between
the waves will be insignificant, regardless of the presence
of the coupling via the pump laser, as we expect.
The usefulness of the eigenvalues plot in describing adiabatic interactions will be given in the following numerical
example. We consider the case where the QPM modulation period is chirped adiabatically, from = 14.3 μm to
= 15.7 μm. This modulation causes the phase-mismatch
to start with a very large positive value, gradually decrease
along the crystal, and end with a very large negative value.
Graphically this would correspond to a motion from left to
right on the eigenvalues plot as light propagates along the
crystal. At the beginning of the interaction = 14.3 μm,
and energy is present only at the ω1 frequency, so the
system is “on” the solid black line of k1bar e at the top left
of the eigenvalues plot of Fig. 5b. This point overlaps with
a dashed blue line since it is far from phase-matching. According to the adiabatic theorem, as the phase-mismatch
changes due to the adiabatically varying QPM modulation
period, the system will stay in the same eigenstate. This
means that the system will remain on the same dashed blue
line, going from left to right, as illustrated with arrows in
Fig. 5b. At the end of the interaction, the dashed blue line
that was followed overlaps with the solid black line that
corresponds to k3bar e , i.e. the state at which there is energy
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only at ω3 , with none at ω1 . The eigenvalues plot representation thus predicts that if adiabatic interaction is achieved,
all of the energy will be transferred from ω1 to ω3 , which is
indeed the result obtained numerically, seen in Fig. 5a (in
this figure, the output intensity exceeds the input intensity
due to contribution from the pump). In the same manner, if
the QPM modulation period will be chirped in the opposite
direction, i.e. from = 15.7 μm to = 14.3 μm in this
numerical example, the system will start on the k1bar e solid
black line at the bottom right, and follow the overlapping
blue dashed line from right to left as illustrated in Fig. 5d.
Once again at the end of the process the blue dashed line
overlaps with the solid black line of k3bar e , so all of the
energy gets transferred to ω3 , as seen in the numerical simulation of Fig. 5c. In this example the same behavior is
obtained for an up-chirped or down-chirped crystals, but
later we will describe a different example in which the
generated signal depends on the direction of the chirp.
The robustness of adiabatic conversion is also manifested graphically in the eigenvalues diagram. A change
in the parameters of the interaction, e.g. input wavelength,
will cause a horizontal shift of the diagram. As long as
the crossing-point of the solid black lines (the bare states
eigenvalues) is within the QPM period chirp range, the
above description holds, so the interaction will be efficient. Since the crossing-point is the phase-matching point,
this graphical phenomenon exactly corresponds to the rigorous description of adiabatic interaction given earlier
Section 3.2.

3.3. Adiabaticity measurement – the
Landau-Zener criterion
A known theorem from quantum physics literature, which
provides valuable insight to the adiabatic dynamics, is the
Landau-Zener theorem [42, 43]. This theorem, which can
estimate the probability of electron transitions in two-level
systems, gives a measurement of the adiabaticity, or more
accurately the amount of diabaticity (non-adiabatic corrections) of the interaction. This theorem was adopted for
frequency conversion [8]. For example, the conversion efficiency of the adiabatic SFG process with undepleted pump
as described above, where the phase mismatch is slowly
scanned through the phase-matching point, is
2π|κ|2

η L Z (z → ∞) = 1 − e− |dk/dz| .

(16)

This expression, which gives the signal-to-idler conversion efficiency of the SFG process, is analytical when the
variation of the phase mismatch is linear, but only approximate otherwise. The efficiency depends exponentially on
an adiabatic parameter, defined as α ≡ |dk/dz|
, i.e. the ra2π|κ|2
tio between the sweep rate of the phase mismatch, dk/dz,
and the square of the coupling coefficient, κ 2 . Mathematically it represents the ratio between the left hand side and
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the right hand side of Eq. (15), for k = 0. Adiabatic
propagation is obtained when α
1, which is the asymptotic case where the conversion efficiency reaches unity.
This can be achieved either by changing the sweep rate
slowly at a given pump intensity, or by applying strong
pump for a given sweep rate. A nice comparison of the
three different dynamical regimes, α
1, α ∼ 1, α
1,
for diabatic, semi-daibatic and adiabatic trajectories can be
further viewed in Ref. [9].
Due to the importance of Eq. (16), we present it using
more practical parameters:


2
2 · 104 · π 2 χ (2) I2
.
η L Z (z → ∞) = 1 − exp −
n 1 n 2 n 3 λ1 λ3 ε0 c |dk/dz|
(17)
Here, c = 3 · 108 m/sec, ε0 = 8.85 · 10−12 F/m, λ1 and
λ3 are measured in nm, I2 is measured in MW/cm2 , χ (2)
is measured in pm/V and |dk/dz| is measured in m−2 .
In the adiabatic limit, the conversion process occurs in a
localized region along the crystal. An estimation of this
characteristic length can be found by adopting the LandauZener inversion time from quantum literature [44, 45] to
the realm of frequency conversion. In nonlinear optics it
κ
is L adiabatic = |dk/dz|
, which gives a linear relation to the
coupling coefficient term (i.e. the pump field), and inversely
proportional to the sweep rate. Outside the adiabatic regime,
the effective length does not hold [44,45]. This length is particularly important for frequency conversion of ultrashort
pulses, as will be discussed in the next section.
The bandwidth of the conversion is determined roughly
by the wavelengths that meet perfect phase matching along
the adiabatic propagation in the nonlinear crystal. The available bandwidth is proportional to the length of the nonlinear
crystal, thus it is scalable by a proper design. The efficiency
of each wavelength can be easily determined by Eq. (17),
the Landau-Zener formula in frequency conversion. The
scalable bandwidth can be shown in Fig. 4a, where each
seed wavelength meets, in an adiabatic way, perfect phase
matching at a different location along the nonlinear crystal,
allowing full conversion of more than 100 nm bandwidth.
A precise definition of the bandwidth in such processes is
detailed in Section 6, where we review the rigorous analysis
of the fully nonlinear dynamics, i.e. without assuming an
undepleted pump.
To summarize this section, in order to transfer energy
from A1 (z) to A3 (z) the phase mismatch parameter, k(z),
should be very large compared to the coupling coefficient
κ, and has to change adiabatically from a large negative
(positive) value to a large positive (negative) value along
the crystal. With the adiabatic solution, one can obtain robust efficient broad bandwidth conversion. Alternatively,
the adiabatic constraint can be achieved also by manipulation the coupling coefficient through the interaction,
κ(z), by varying the duty cycle of the nonlinear modulation
pattern.
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Figure 6 Conversion efficiency as a
function of (a) input wavelength and (b)
crystal temperature, using an adiabatically chirped KTP crystal at a pump intensity of 60 MW/cm2 (c). A good correspondence between the experimental results (shown in solid red) and the
simulation of the design (dashed-dotted
blue) is shown. The low efficiency around
1485nm is associated with a manufacturing defect. Reprinted figure with permission from Ref. [8].

3.4. Experimental verification of adiabatic
frequency conversion
The verification of the adiabatic dynamics was done in
several sets of experiments in using quasi-CW (tunable
monochromatic) lasers and using ultrashort-pulse sources
[8–12]. In the current section, the most significant experimental results of the adiabatic dynamics in SFG/DFG in the
undepleted pump approximation will be presented. It will
include bandwidth scalability, the robustness of the method
and also verification of the Landau-Zener prediction of the
adiabatic dynamics.
The adiabatic frequency conversion scheme was realized experimentally for the first time using a KTP crystal
and the chirp modulation of the nonlinear coefficient was
achieved by electric field poling. This modulation pattern
was designed to satisfy the constraints posed by Eq. (15)
[8]. By slowly changing the poling periodicity along the
propagation direction, highly efficient signal-to-idler conversion over a bandwidth of 140nm and for 100◦ C crystal
temperature variation was achieved, as shown in Figs. 6a
and b, respectively [8, 9]. The adiabatic conversion scheme
was also shown to be robust to variations in the parameters of the crystal as well as those of the light. Those
include the input wavelength, crystal temperature, crystal
length and the angle of incidence. In particular, the process
is robust for high enough pump intensities that facilitate
conversion efficiency approaching unity, thus allowing an
efficient conversion of Gaussian beam profiles. In addition,
color tunability of the conversion band through temperature
control was demonstrated [9]. A detailed study of the properties, robustness and tunability of the conversion process
is presented in Ref. [9].
The conversion efficiency as a function of the pump
peak intensity for a fixed signal wavelength was examined as well, where a maximal efficiency of 74% ± 3%
(limited by the available pump intensity) for a narrowband
seed source was achieved [8]. The dependency with pump
intensity variation had a very good correspondence with
the numerical simulation [8]. Higher efficiency, near 100%
conversion was recently demonstrated [12]. The experiment used an adiabatic DFG technique realized with a KTP
crystal, demonstrated the principle of complete LandauZener adiabatic transfer in nonlinear optical wave mixing
[9]. As can be seen in Fig. 7, the matching between the
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experimental measurements and the best fit Landau-Zener
calculation predicted using Eq. (17) is clearly seen. It is
important to note that unlike the case of a phase-matched
crystal, where the conversion efficiency oscillates between
unity and zero upon increase in the pump intensity, the conversion efficiency showed to remain nearly unity also for
pump intensities exceeding 1 GW/cm2 . This fact is of particular importance, because it allows a uniform conversion
across a Gaussian beam (or other beam profiles), where
the intensity can vary in the transverse directions, which
in conventional frequency conversion devices affects the
conversion efficiency dramatically [46].
This implementation of the adiabatic dynamics, by poling a quasi-phase matched crystal, is only one possible
realization of such a structure. The same effect (yet with
narrower bandwidth) can be obtained by inducing a temperature gradient across a nonlinear crystal.

4. Adiabatic ultrashort pulse frequency
conversion
For frequency conversion of monochromatic or quasimonochromatic laser beams, one can omit the influence of
the waves’ group velocities, but this is not the case for ultrafast pulses (femtosecond and picosecond), where the high
order dispersion properties of the nonlinear medium must
also be considered. The methods described in the previous
section, which are usually only efficient for narrow spectra,
are not suitable for efficiently converting broadband signals.
For ultrashort pulses, dispersion causes the three interacting
waves to travel at different group velocities, thereby limiting the effective nonlinear interaction region. Also, it leads
to temporal stretching during propagation, which results in
lower pulse peak intensity and therefore lower conversion
efficiency.
Several possible methods were suggested in order to
deal with the conversion of a broadband source. In birefringent phase-matched crystals, the common solution to
achieving broadband conversion is to use very short crystals - less than 1 mm in length. The short propagation length
lessens the effect of dispersion; however, it also considerably limits the achievable conversion efficiency. Another
approach for coping with these challenges is to use random crystal structures that circumvent the need for phase
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Figure 7 Verification of Landau-Zener formulation in frequency conversion. Measured PbSe photodiode response plotted
versus peak pump intensity. Error bars indicate the relative measurement error. Solid
line: exponential fit of the experimental data.
Inset: Predicted conversion efficiency versus idler wavelength for several pump intensities based on numerical simulations.
Reprinted figure with permission from
Ref. [12].

matching completely [47]. Researchers demonstrated this
in a disordered polycrystalline material that consisted of
randomly distributed and oriented single crystal domains.
However, the conversion efficiencies that have been demonstrated to date have been low. The efficiency of the method
also depends on the ability to manipulate the average size
of the domain structures - a fact that carries implications
for the applicability of this scheme to certain wavelength
regimes.
Many types of QPM structures have been implemented
for frequency conversion with broader bandwidths [10,32].
Multi-periodic modulation patterns can be arranged in sequence along the length of the crystal, leading to phasematching of several processes simultaneously. This is an
effective method for converting a number of narrow bandwidth light sources, but not for a single broadband light
source, because each distinct modulation period provides
optimal phase matching only for a specific wavelength. The
same is true for QPM modulation with short-range order
(ordered unit cells with random variation, e.g. rotation or
translation) [48, 49], though this provides better efficiencybandwidth tradeoff. In a chirped QPM crystal, the modulation period is varied continuously as a function of position along the propagation axis. Each frequency component
in the pulse is phase-matched only at a particular position
in the crystal, however; the smooth sweep of the modulation period ensures that a broad phase-matching bandwidth
can be supported after propagation over the entire crystal length. In addition, the spatial dependence of the conversion process means that the total group delay dispersion acquired by each distinct frequency component can
be modulated, resulting in broadband frequency conversion with simultaneous temporal pulse shaping or pulse
compression [50].
Here, the adiabatic conversion method is generalized to
include efficient broadband ultrafast pulse conversion. This
is done by introducing the concept of chirp pulse conversion
as part of the adiabatic scheme. The concept, which was
shown to be scalable and could be applied both for SFG and
DFG conversion, allows the generation of intense ultrafast
sources over a wide wavelength range covering the visible
through to the mid-infrared.

www.lpr-journal.org

4.1. The concept of chirp pulse conversion
Group Velocity Mismatch (GVM) causes a temporal
walkoff between the incoming signal pulse and the generated sum frequency pulse. This effect is typically characterized by the quasi-static interaction length, L Q S = τ/GVM,
which is propagation length over which the pulses still have
significant overlap. Here τ is the incoming signal pulse duration. For the case of wave mixing with a narrowband
pump, in which the pump does not put any limitation from
the group dispersion point of view, the GVM is defined as
the difference between the inverse group velocities of the
pulses, i.e. v1g1 − v1g3 .
To avoid the problem of GVM, a requirement that uses
κ
the length parameter, L adiabatic = |dk/dz|
[8], as the effective length over which the frequency conversion process
takes place within the nonlinear crystal. As seen, this length
is dependent on the material parameters of the crystal, the
field strength of the pump and the sweep rate of the phase
mismatch along the propagation axis in the crystal. To obtain a tolerable walkoff between the pulses over the adiabatic interaction region, the following constraint should be
satisfied: L Q S
L adiabatic . This sets a limit for the minimum temporal width of the seed pulse, therefore the seed
pulse should be stretched to a duration τ MIN satisfying:
τ M I N ≥ L Q S · GVM



κ

 dk/dz


1
1 
. (18)
−
vg1
vg3 

Typically, a pulse length in the 1−10 ps range will suffice for conversion over the entire visible and near infrared
spectral range. GVM also leads to some temporal spreading within the crystal, since one of the pulses lags behind
the other one, resulting in frequency conversion along a
longer temporal interval. The converted pulse should be recompressed to a transform-limited pulse after exiting from
the nonlinear crystal.
The second order dispersion term, known as the GVD
2
is defined by β = ddkω2 , and has characteristic length of
2
L GVD = τβ . GVD leads to temporal spreading of the pulses
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Figure 8 Conceptual implementation apparatus of adiabatic frequency conversion of ultrafast pulses. The stretched seed pulse from
an ultrashort pulse or a broadband source (red line) and a strong pump beam (pink thick line) are mixed in the adiabatically chirped
nonlinear crystal. Depending on the adiabatic crystal design, the energy in the seed beam can be efficiently converted to either the
sum frequency or difference frequency beam (blue line).

propagating along the crystal, and LGVD is the propagation
length over which this spreading is of the same order as the
input pulse width. Each of the interacting wavelengths has
a different GVD, and the limit is set by the shortest GVD
characteristic length, which typically determined by the
shortest wavelength. The constraint is L GVD
L adiabatic ,
i.e. it requires the interaction to effectively take place over a
length for which GVD is negligible. For typical parameter
values, this constraint is very easy to satisfy. Several numerical examples can be found in Ref. [11]. Often, higher
order dispersion effects can be neglected as well [8, 11].
Another inherent phenomenon which exists in wavelength
conversion through chirped poling structures is the addition of linear chirp, positive or negative, when propagating
along the crystal [32, 37]. This chirp, too, can be removed
at the output using a compressor.
A general apparatus for the adiabatic ultrashort frequency conversion scheme using chirp pulse conversion
method is shown in Fig. 8. As seen, the same setup can
be used for both the SFG and DFG implementations. The
strong pump pulses are electronically synchronized in time
to the seed pulses (oscillator or amplifier). The seed pulse
spectrum does not pose an inherent limitation - it can vary
in wavelength regimes and can have a scalable bandwidth
as long as the adiabaticity criterion is preserved. In Ref. [11]
the seed was generated by a multipass amplifier, centered
near 790 nm with approximately 30 nm FWHM bandwidth
with transform limited pulse duration of 30 fs, whereas in
Ref. [12], the seed pulse was generated by an oscillator,
centered near 740 nm with approximately 100 nm FWHM
bandwidth with transform limited pulse duration of 10 fs.
The seed pulse energies could vary as well (as long as undepleted pump approximation holds). In Ref. [11] it was of
order 0.5–1.5 μJ, while in Ref. [12] it was 50-100 nJ. Prior
to combination with the strong pump, the seed pulse should
be either stretched (using glass or SF10 for example) to
a duration of 1–10 ps, or alternatively the uncompressed
output of the Ti:S amplifier can be used. This satisfies the
requirement set by Eq. (18) and reduces unwanted SHG of
the seed that would lower the efficiency of the conversion
process.
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The first experimental proof of this concept was presented in Ref. [11], where an excellent conversion of the
spectral shape and bandwidth of the seed to both the visible and mid-IR wavelength regions were observed. For
the SFG pulse, the spectrum is centered near 450 nm and
its bandwidth is sufficient for producing 30 fs pulses if
compressed to the transform limit. As for the DFG pulse,
the spectrum is centered near 3150 nm, where 20 nm of
the FWHM seed bandwidth was converted to the mid-IR.
Also, both the DFG and SFG efficiency curves are largely
flat across the seed bandwidth (falling off only in the tails
of the spectrum), indicating the robustness of the adiabatic
frequency conversion method. The conversion efficiencies
reach a peak of 11% for SFG and 50% for DFG, in good
agreement with the calculated efficiencies for the nonlinear
crystals and pump intensities used in the experiment.
For both SFG and DFG, the efficiency was limited
in large part due to the available pump power, but much
larger efficiencies, even approaching 100% in principle,
are achievable by a sufficient increase in the pump intensity. Such efficiencies were demonstrated recently in DFG
conversion of a near-IR broadband pulse to the mid-IR
using a nonlinearly chirped QPM grating in KTP [
12]. Examining the spectra, shown in Fig. 9, efficient broadband conversion of Ti:S frequencies (630720 nm) to the 1550–2450 nm range was observed (the
range between 2450–2800 nm was not detected due to the
limited sensitivity of the InGaAs spectrometer). In Fig. 10,
the time domain traces of the seed pulses with- (dashed
grey) and without- (solid black) an overlap of signal and
pump pulses in the nonlinearly chirped crystal are presented. As seen, when overlap occurs between the 85 MHz
train pulses of the seed and the 1kHz train pulses of the
pump, a roughly 90% depletion of the signal in the range
was measured.
A recent experimental observation, reported in Ref. [16]
has shown the first demonstration of an octave-spanning
mid-IR source of approximately 1 μJ energy by adiabatic
frequency conversion of near-IR optical parametric chirped
pulse amplifier (OPCPA) pulses. A spectrum spanning from
2 to 5 μm, spanning an octave from 2.1 to 4.2 μm at −15 dB
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Figure 9 (a) Ti:S oscillator spectrum that entered the crystal.
(b) Measured DFG idler spectrum (solid) and expected spectrum (dashed) based on simulated conversion of the signal spectrum in (a) with pump wavelength of 1047 nm and 2.5 GW/cm2
pump intensity. The shaded regions indicate the signal and idler
bands chosen for conversion in the nonlinearly chirped crystal.
Reprinted figure with permission from Ref. [12].

Figure 10 Oscilloscope traces of Si photodiode response to
the 674nm to 686nm band of the Ti:S signal pulses transmitted
through the nonlinearly chirped crystal with (dashed line) >20 ps
delay or (dark solid line) no delay between the pump and signal pulses. The depletion of the synchronized pulse at 30 ns is
∼90%. Reprinted figure with permission from Ref. [12].

of peak, was obtained by near full photon number conversion of a 3-μJ OPCPA pulse with broad bandwidth of 670–
900 nm mixed with a narrowband 1047 nm pulse. This was
achieved by an adiabatic DFG device with a pump intensity of 13.2 GW/cm2 . A uniform spectral power depletion
of the near-IR spectrum was observed, indicating nearly
complete photon number conversion from signal to idler
and corresponding to a signal to idler energy conversion
ratio of ∼1/4. Figure 11 shows the normalized measured
power spectrum (solid red curve) alongside the normalized
“expected” power spectral density (dashed black curve) calculated by assuming 100% conversion of the OPCPA power
spectrum (top right inset) to the mid-IR via adiabatic DFG.
As seen, a direct transfer of the near-IR spectral amplitude
profile to the mid-IR is obtained, spanning more than an
octave (2.05–4.6 μm).
In order to compress a stretched pulse, one needs to
accurately characterize the spectral phase of the converted
pulse (which is predicted to be smooth also for an adia-
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batic chirp QPM design). Spectral phase characterization
of such a broadband spectral range is not an easy task.
Compressing ultra-broad bandwidths (single cycle pulses),
which is the second challenge, requires the application of
various methodologies, such as the use anomalous dispersion materials and pulse shaping techniques. Encouraging experimental results that have been achieved by Heese
et al. [13–15] with adiabatic OPA are discussed in Section
6 of this review.
The scheme described here is expected to have broad
applicability as a post-amplification method for near-IR to
mid-IR conversion and potentially allowing single-cycle
pulsed sources. It is immediately suited for the seeding
of a degenerate OPCPA with a narrowband 1 μm pump
and chirped 2 μm signal, as shown in Refs. [51, 52]. The
amplified pulses can be subsequently compressed to provide a high-energy, few-cycle source. In such a scheme, a
higher pulse-rate pump laser would be desirable. For example, bulk or thin-disk amplifiers can provide ∼0.01–1 mJ,
ps pulses at a 100 kHz to few-MHz repetition rate operating at 10 to 100 W of average power. Used as the DFG
pump, they could provide tens of mW of DFG power and
many Watts of few-cycle pulses when further amplified by
the same pump in an OPA. Using the scalability of the
design, the adiabatic DFG technique could potentially be
used to generate multiple-octave-spanning spectra (i.e. having bandwidth that contains wavelengths their harmonics),
and allowing the generation of the shortest pulse mid IR
source possible.

5. Multi-process adiabatic interaction with
undepleted pump
In this section we extend the analogy presented earlier
between SFG/DFG and the dynamics of two level systems. We will first present how two frequency-cascaded
and spatially-simultaneous SFG/DFG processes is analogous to the dynamics of a three level system. This type of
process combination results in an effective FWM process
(with two undepleted input fields), so some of the same
goals can also be realized by third-order nonlinearity processes, e.g. in optical fibers where tapering can be used to
control phase-matching conditions. Further on, we will discuss how to extend this analogous mechanism to multilevel
quantum system.
Frequency conversion processes can be cascaded in
order to reach frequencies that are difficult to generate
with a single process [53]. For example, a generated sumfrequency wave at ω2 = ω1 + ω p1 can be further combined
with another frequency in another SFG process, which produces ω3 = ω2 + ω p2 = ω1 + ω p1 + ω p2 . In this manner,
available lasers can be used to reach a frequency far removed from the input frequency ω1 , than what is possible
with the same lasers and a single process (Fig. 12a). Similarly, two DFG processes can be utilized (see Fig. 12b).
Another example is cascading SFG and DFG, i.e. ω3 =
ω2 − ω p2 = ω1 + ω p1 − ω p2 . In this case, available lasers
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Figure 11 Depletion of the near-IR OPCPA pulse (left) and generation of the octave-spanning mid-IR ADFG pulse (right, “Measured”).
Intensities (left) refer to the pump wave. The “Expected” curve (right), depicts the mid-IR spectrum corresponding to 100% conversion
from the near-IR. Reprinted figure with permission from Ref. [16].

Figure 12 The four cases of SFG/DFG cascade: (a) two SFG processes (b) two DFG processes (c) SFG followed by DFG (d) DFG
followed by SFG. Reprinted figure with permission from Ref. [18].

can be used to reach a frequency closer to the input ω1 than
a single process can provide, as depicted in Fig. 12c. In the
same manner a DFG processes can be followed by SFG, as
displayed in Fig. 12d. Note that the last two cases can
yield either up-conversion or down-conversion, depending on the difference between the two pump frequencies
ω p1 − ω p2 . Furthermore, not all five frequencies involved
have to be distinct. For example, a single pump can be
used to pump two SFG or DFG processes, or even perform
as one of the inputs. In the most degenerate case, where
ω p1 = ω p2 = ω1 , the intermediate and output frequencies
are the second harmonic (SH) and third harmonics (TH),
ω2 = 2ω1 and ω3 = 3ω1 , respectively. Another interesting
case is ω p1 = ω1 and ω p2 = ω2 = 2ω1 , where fourth harmonic generation (FHG) is obtained, i.e. ω3 = 4ω1 . All
these cascaded processes are especially appealing as means
to perform frequency shifting and all-optical switching in
optical communication systems.
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A straightforward approach to cascading would be to
perform the second conversion process in a spatially separate zone, either in another crystal or in the same crystal. These processes are frequency cascaded and spatiallycascaded. In the context of adiabatic processes, an optical parametric oscillator (OPO) has been cascaded with
adiabatic SFG, and was experimentally demonstrated to
provide efficient and tunable up-conversion of a fixedfrequency laser [54]. Unfortunately, the length of a single QPM modulated crystal is technologically limited. This
puts constraints on the efficiency achievable by combining
differently modulated segments in a single crystal. Furthermore, using two crystals greatly increases the complexity of
physical apparatus, making it less feasible for applications.
A more appealing approach is to perform the two processes simultaneously, making them frequency-cascaded
and spatially-simultaneous. This introduces two difficulties: (i) the dynamics of simultaneous processes is more
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complicated (ii) simultaneous phase-matching control for
both processes is required. Saltiel et al. [53] outlined three
ways of dealing with these issues: (i) phase-matching only
one of the two processes (ii) phase-matching both processes (iii) compensating for the sum of the two phasemismatches. In the first case, the lack of phase-matching
for one of the two processes obviously limits conversion
efficiency. Simultaneous phase-matching of two processes
requires some trade-off between their efficiencies; however it can still be highly beneficial. Details about such
methods can be found in Refs. [55, 56]. Due to the complex dynamics involved, compensation for the sum of the
two phase-mismatches was applied so far to THG, FHG
and/or the case where the input frequency wave is negligibly depleted [53, 57–59]. Recently another approach
to frequency-cascaded and spatially-simultaneous TWM,
based on adiabatic processes, has begun to be implemented
[17–20]. An adiabatic method was presented, which generalizes the aforementioned compensation of the sum of
the phase-mismatches, yielding novel phenomena, such as
a vanishingly small intermediate frequency ω2 and intensity dependent phase-matching [17]. In another work [18],
QPM modulation was utilized to control the efficiencies of
the two simultaneous processes, such that adiabatic evolution is maintained, as well as simultaneous phase-matching
of both processes. In this manner a highly efficient frequency conversion from input ω1 to output ω3 is obtained,
while keeping the intensity at the intermediate frequency
ω2 negligible. A. Rangelov and N. Vitanov [19] discussed
an adiabatic method for efficient, broadband and robust upconversion using two SFG processes pumped by the same
laser. This approach was later generalized to the case of
two distinct pumps and any of the four cases displayed
in Fig. 12, i.e. up-conversion or down-conversion to either
near or far frequencies [20]. Furthermore, it was shown that
such adiabatic interaction involves five distinct frequencies,
so it has a very rich and interesting dynamics, with unique
features that are demonstrated experimentally. The remainder of this section will review each of these cases in more
detail.

5.1. Frequency conversion through opaque
media using adiabatic methods
It is commonly assumed that in order for frequency conversion to be efficient, the nonlinear medium has to be
transparent at all of the interacting frequencies. This section discusses two adiabatic methods that circumvent this
requirement for the case of two frequency-cascaded and
spatially-simultaneous SFG/DFG processes: they enable
efficient conversion from the input to the output of the
cascade, even in the presence of strong absorption at the
intermediate frequency.
Porat et al. [17] experimentally demonstrated a SFGSFG cascade where the intermediate frequency power was
negligible throughout the entire interaction, using a method
known in atomic physics as adiabatic elimination [27]. The
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basic idea was to cause one process to transfer energy from
the input to the intermediate frequency at the same rate at
which a second process transfers energy from the intermediate frequency to the output frequency. By keeping this
rate fast, accumulation of energy at the intermediate frequency is avoided, while keeping a net transfer of energy
from the input to the output frequencies of the cascade. The
fact that the energy transfer rate of each process depends
on pump intensity leads to an intensity-dependent effective
phase-matching condition.
For simplicity, in the analysis, both SFG processes are
taken to be pumped by the same undepleted pump, thus
ω1 + ω p = ω2 and ω2 + ω p = ω3 , where ω1, ω2 and ωp
are the input, intermediate and pump frequencies, respectively. Each of the two processes is taken to have a very
large phase mismatch, while their sum is rather small,
1, |k2 | L
1 and |k1 + k2 | L
1,
i.e. |k1 | L
where kj is the phase mismatch of the j-th process and
L is the length of the nonlinear crystal. It was shown that
under these conditions, the intermediate frequency wave
performs fast oscillations with low amplitude.
In

 fact, the
rate of these oscillations increases with k j  and with
pump intensity. The system’s dynamics can be separated
into two length scales: on the short length scale, only the
low amplitude fast oscillations take place. These can then be
eliminated from the overall dynamics, and so the intermediate wave is said to be adiabatically eliminated. The slow,
long scale dynamics system is composed only of the input
ω1 and output ω3 , coupled by two pump photons, which
is quite similar to a case of FWM process. This effective
process has an effective phase mismatch that can be written
as
kef f = k TP + δk Star k (I p ),

(19)

where k TP = k1 + k2 has been defined as the twophoton phase-mismatch, and the phase matching condition
is kef f = 0. Notably, in addition to the two-photon mismatch term considered previously [53], an additional, pump
intensity dependent term, δk Star k (I p ), should also be taken
into account. The physical origin of this term is in the
dependence of the rate of oscillation of the intermediate
wave amplitude on pump intensity. In other words, in order
to match the rate of ω1 ↔ ω2 transition to the ω2 ↔ ω3
transition, the pump intensity should be taken into consideration in addition to the phase mismatch that results from
dispersion. This effect is the analogous mechanism of the
Stark effect in NMR and atomic physics [17].
The separation of slow and fast dynamics, low amplitude of the intermediate wave, as well as intensitydependent phase matching condition, were demonstrated
by numerical simulation and analytical calculation. In the
case under consideration, of two SFG processes, the input,
intermediate and output wavelengths were 3010 nm, 786
nm and 452 nm, respectively. Both SFG processes were
pumped by the same 1064 nm laser. In order to satisfy the
above phase-matching requirements, the waves were propagated through a KTP crystal with a = 8.6 μm QPM
period, kept at a temperature of 125 o C, and the pump
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Figure 13 Adiabatic elimination theory: (a) Numerically simulated intensities of the 3010nm input (red dashed line), 452 nm output
wave (blue dash-dotted line) and 786 nm intermediate wave (green solid line). Inset: close-up view of the intermediate wave over
34.4 μm. Shading indicates poling. (b) Analytically calculated photon conversion efficiency vs. the two-photon phase-mismatch.
The difference between the peak efficiencies phase-mismatches is the Stark shift. Inset: Experimentally measured (blue dots) and
analytically calculated (green line) output power vs. pump power in an adiabatic elimination experiment. Reprinted figure with permission
from Ref. [17].

intensity was I p = 10 GW/cm2 . In Fig. 13a the 3010nm
input and 452nm output are clearly seen to exchange energy with each other, which takes place on a much longer
scale than the fast and low amplitude oscillations of the
intermediate wave, shown in the inset (shading indicates
QPM modulation). Furthermore, introducing a 10 cm−1
absorption at the intermediate wavelength decreased the
maximum 452nm intensity by just 0.5%, showing that such
scheme is indeed robust against strong absorption of the
intermediate wave. Figure 13b shows the photon conversion efficiency from the input to the output for two cases:
low pump intensity of 1 GW/cm2 and high pump intensity
of 12.4 GW/cm2 . The results are plotted against the two
photon phase mismatch kTP . For the case of low pump
intensity, maximum intensity is obtained near kTP = 0,
since in this case the Stark term in Eq. (19) is negligible.
However, for high pump intensity, the efficiency maximum
shifts to kTP = −δkStark , showing that phase-matching
indeed depends on pump intensity.
The predictions of this theory were also verified experimentally, for the interaction of the same wavelengths
as in the simulation. The inset of Fig. 13b depicts the experimentally measured output (452 nm) power as a function of the pump power. The experimental results (blue
dots) fit very well on the analytical calculation (green
curve) for the output wave. Furthermore, in the experiment, the intermediate wave power was so low that it
was below the noise level, so it can only be bounded
from above. At most, it was 733 times lower than the
peak output power, in correspondence with the theoretical
prediction.
Cascaded frequency conversion with negligible energy
at the intermediate wave can also be obtained via another
adiabatic technique analogous to the atomic STIRAP process [18]. In the atomic version of this method, two delayed
pulses facilitate transfer of atomic population through a
dark state [27]. The nonlinear analog makes use of two
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SFG/DFG processes, where their coupling strengths are
varied along the interaction. In this case k of Eq. (14)
is kept constant while a slow variation of κ satisfies the
adiabaticity condition. This variation can be chosen such
that efficient conversion from the input to the output frequency of the overall cascade takes place without having a
significant amount of energy at the intermediate frequency.
An important difference between this method and that of
adiabatic elimination is that in this case both processes are
phase-matched throughout the entire interaction, while in
adiabatic elimination each of the two processes experiences
a very large phase mismatch parameter throughtout the entire interaction. As a result, better efficiency is obtained for
given pumps intensities and interaction length.
In the case of a single SFG/DFG process, it was explained that an adiabatically evolving system remains always in one of its instantaneous (or local) eigenstates, which
change due to a slowly varying parameter. When two processes are involved, the evolving system can be kept in the
same eigenstate by adiabatically varying the ratio between
the coupling strengths of the two processes. This variation
is performed in the counter-intuitive order: the interaction
begins with strong coupling between the intermediate and
output waves and weak coupling between the input and intermediate waves. As the waves propagate along the crystal,
the ratio between these two coupling strengths is slowly varied, achieving at the end of the interaction a strong coupling
between the input and intermediate waves while the coupling between the intermediate and output waves is weak.
The variation of the coupling ratio is manifested in a variation of the eigenstate that the system follows. Consequently,
all of the energy is transferred from the input to the output
without going through the intermediate frequency.
The fact that the intermediate wave does not contain
significant amount of energy enables to transfer energy
from the input frequency to the output frequency of
the cascade even in the presence of strong absorption
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Figure 14 STIRAP-analog numerical simulation of intensities of the input (dashed blue
line), output (dash-dotted red line) and intermediate (solid green line) waves along
the nonlinear medium, with high intermediate wave absorption and assuming arbitrary
control of coupling strengths. The inset shows
the intermediate wave intensity on a smaller
scale. Reprinted figure with permission from
Ref. [18].

at the intermediate frequency. Such dynamics was
demonstrated by numerical simulation, where the two
processes
were the SFG process (λ1 = 546.4 nm) +

λ p1 = 900 nm →
 (λ2 = 340 nm) and the DFG process
(λ2 = 340 nm) − λ p2 = 2266 nm → (λ3 = 400 nm).
The nonlinear medium was taken to be KTP, where the
absorption coefficient of the intermediate wavelength is
α 2 = 229.9 cm−1 , i.e. KTP is practically opaque at this
wavelength. The results are displayed in Fig. 14, in which
full energy transfer from the input to the output is seen.
Furthermore, the inset shows that the intermediate wave
intensity is about 4 orders of magnitude lower than the
input and output waves intensities, as expected. Note that
in this case energy only flows in one direction, from the
input to the output, i.e. there is no back-conversion as in
the adiabatic elimination method. It worth noting here that
the numerical simulation takes into account the resonant
enhancement of the nonlinear susceptibility associated
with the high absorption at the intermediate frequency, and
also two photons absorption, which is responsible for the
slight decline of the output intensity towards the end of the
interaction [18].
Several schemes were already suggested for controlling
the coupling strengths of the two processes, where the first
was by focusing the two pumps at different positions along
the crystal, thereby causing their intensities to decay along
the crystal (due to diffraction) and leading to the required
variation of the coupling strengths. The second scheme to
achieve the same goal is a QPM based scheme that was analyzed in detail and demonstrated by numerical simulations
[18].
Both adiabatic elimination and the STIRAP-analog can
be applied to any of the four combinations of SFG and DFG
processes depicted in Fig. 12. Their robustness against absorption of the intermediate wave provides access to new
spectral regions when using near infra-red solid state laser
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sources, as it enables cascaded frequency conversion going
through an absorptive spectral range. These methods also
provide an efficient way to perform conversion between
optically near frequencies, that would otherwise require
non-existing pump lasers operating at far IR frequencies
where nonlinear media is generally opaque. In addition
to frequency conversion between near and far frequencies, these schemes can be used to study the electronic
structure of nonlinear crystals. When the intermediate frequency is in the crystal’s UV absorption band, it can be
used as a probe into this spectral region, which is otherwise
difficult to study due to the strong absorption. Electronic
resonances will be manifested mainly because of their
corresponding effect on dispersion and phase-matching
conditions.
Apparently, both adiabatic elimination and the
STIRAP-analog serve the same purpose. However, they
have different advantages and disadvantages. Adiabatic
elimination requires only periodic QPM modulation, which
is easy to implement. Furthermore, it has the special feature
of intensity dependent phase-matching that can be used for
optical switching. However, adiabatic elimination requires
relatively high pump intensity or long interaction lengths in
order to provide high conversion efficiency. The STIRAPanalog yields significantly higher conversion efficiency for
given pump intensities and interaction lengths due to its
use of phase-matched processes. On the down side, control
of the coupling strengths is technologically challenging.
Therefore, the decision between adiabatic elimination and
the STIRAP-analog depends on the specific application.
Finally, we would like to mention that in Section 6, we
discuss another scheme suggested by Longhi [60], which
provides THG via cascaded SHG and SFG, with low second
harmonic power, in the regime of nonlinear dynamics (i.e.
with pump depletion). It should also be stressed that while
the methods presented in this section merit some special
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properties, they do not possess the robustness and broad
bandwidth of the single adiabatic process, as discussed in
Section 3.1. We shall present methods for robust multiple
process conversion in the next section.

5.2. Cascading adiabatic processes for efficient,
robust and broadband frequency conversion
As mentioned above, the phase matching requirements of
multiple processes pose a significant challenge when broadband frequency conversion is desired. Rangelov and Vitanov [19] and Porat and Arie [20] have shown that cascaded adiabatic interactions can facilitate high conversion
efficiency for the overall cascade, maintaining its robustness and bandwidth scalability as in the single adiabatic
process case (unlike the two methods presented in the previous section).
Rangelov and Vitanov [19] studied the case of two
spatially-simultaneous and frequency-cascaded SFG processes, where both processes are pumped by the same
pump: ω1 + ω p = ω2 and ω2 + ω p = ω3 . Here, ωp is the
frequency of the pump and ω1 is the input wave frequency.
These waves were taken to propagate along a chirped QPM
crystal, where the chirp rate and pump intensity are such
that the adiabatic condition of Eq. (15) is satisfied for both
processes. In order to understand this interaction’s dynamics, it is convenient to use an eigenvalue diagram, which is
plotted in Fig. 15. Each of the three solid black lines in the
plot represents the eigenvalue of one of the three interacting waves, which are the eigenstates of the system in the
absence of the pump (the bare states). The k1bar e ↔ k2bar e
and k2bar e ↔ k3bar e crossing points are the phase matching
points of the two processes. The k1bar e ↔ k3bar e crossing
point corresponds to phase matching of an effective fivewave mixing process, which is in fact a three-photon adiabatic elimination processes (see Section 5.1). Since these
inherently involve large phase-mismatches for each of the
participating processes, they have a negligible effect on
the adiabatic interaction considered here. The dashed light
blue lines represent the eigenvalues of the eigenstates of the
system when the pump is present (the dressed states).
When the modulation periodicity increases along the
propagation (left to right motion on the eigenvalues diagram) the two processes are phase-matched in the same
order of the frequency cascaded (i.e. first ω1 + ω p = ω2
and then ω2 + ω p = ω3 ). This is called the intuitive order.
As for the single process case described in Section 3.1, the
system point follows the eigenstate it started with. In this
case, it is the one that is marked by arrows at the top of the
plot. Initially (left hand side of the diagram) this eigenstate
corresponds to all energy being at ω1 , which is the initial
state of the system. At the end of the interaction, the same
eigenstate corresponds to all energy being at ω3 , which is
the desired result. A numerical simulation of the interaction
that shows the normalized intensities of the three interacting
waves, is presented in the top inset of Fig. 15. Full conversion from ω1 to ω3 is clearly evident. For a decreasing mod-
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Figure 15 Eigenvalues diagram for two cascaded SFG processes. The top and bottom insets depict the numerically simulated normalized intensities along the propagation for the intuitive
and counter-intuitive order, respectively.

ulation periodicity ω2 + ω p = ω3 is phase-matched before
ω1 + ω p = ω2 , which is termed the counter-intuitive order.
In this case the system follows the eigenstate marked with
arrows at the bottom of Fig. 15, from right to left. The bottom inset of Fig. 15 depicts the corresponding numerical
result, showing once again full conversion from ω1 to ω3 .
Note that for the counter-intuitive order there is less energy
in the intermediate wave than in the case of intuitive order.
This phenomenon also has a graphical manifestation in the
eigenvalues plot. Graphically, if the eigenstate being followed is closer to the solid black line of k2bar e , then more
energy will be transferred through ω2 on the way from ω1
to ω3 . Indeed, the eigenstate followed in the intuitive case
traverses closer to the k2bar e line than the eigenstate followed
in the counter-intuitive case.
For undepleted pump, the interaction was found to be
very robust [19], i.e. high efficiency is provided for a wide
range of parameters that influence the phase matching conditions (e.g. crystal temperature and angle of incidence) as
the case of a single adiabatic process. Specifically, high
efficiency can be provided for a wide range of input frequencies, resulting in broadband conversion.
Simulations were also conducted taking pump depletion
into consideration, with pump intensity that is comparable
to the input wave intensity. The interaction remain efficient even in the case of highly depleted pump. However,
parasitic processes (e.g. SHG of the pump or input wave)
become significant, making the interaction generally less
robust. Porat et al. found the physical mechanism behind
this phenomenon, as part of a general analysis for adiabatic interaction with depleted pump [20]. We will elaborate more on this issue within Section 6 of the current
review.
A more general case, studied both theoretically and
experimentally by Porat and Arie where SFG was followed

www.lpr-journal.org

REVIEW
ARTICLE
Laser Photonics Rev. 8, No. 3 (2014)

Figure 16 Eigenvalues plot for two SFG-DFG cascades pumped
by two distinct pumps. The insets show the nonlinear processes
on the frequency axis. The input wavelength is (a) λ1 = 1542nm
(b) λ1 = 1509 nm.

by DFG and the two processes were pumped by two distinct
pumps [20]. Here the two processes are ω1 + ω p1 = ω2α
and ω2α + ω p2 = ω3α , where ω1 , ω2α , ω3α , ωp1 and ωp2 are
the input, intermediate, output, first pump and second pump
frequencies, respectively. If the two pumps frequencies are
very close spectrally, the same chirped QPM modulation
can also support another SFG-DFG cascade, in which the
order of the pumps in reversed: ω1 + ω p2 = ω2b and ω2b −
ω p1 = ω3b . All four processes are illustrated in the insets
of Fig. 16a and b. The same figures show the eigenvalues
diagram for λp1 = 1047.5 nm and λp2 = 1064.5 nm, for λ1
= 1542 nm in Fig. 16a and λ1 = 1509 nm in Fig. 16b.
In this interaction, the KTP crystal has chirped QPM
modulation, with linear period variation from 14.38 μm
to 14.92 μm. This chirp range is bound between the two
dashed orange lines in Fig. 16. For each of the two cases
illustrated in Fig. 16, the chirp range includes only two
crossings that correspond to the phase matching points of
two cascaded processes (the third crossing corresponds to
an adiabatic elimination process, as before). The processes
corresponding to these crossings will have a significant
effect on the interaction, while those with crossings outside the chirp range will be negligible, since their phasemismatches are always large. Clearly, Fig. 16a and b depict
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the same diagram shifted horizontally with respect to each
other, in correspondence to the explanation given earlier in
Section 3.1. For other values of the input wavelength λ1 ,
the eigenvalues plot will shift horizontally to a different
extent. For each input wavelength, the crossings that reside
within the chirp range will determine the interaction. We
thus expect different conversion to take place for different
input wavelengths λ1 . Furthermore, due to the structure of
the eigenvalues plot, different processes will take place depending on whether the QPM modulation period increases
(left to right motion on the eigenvalues diagram) or decreases (right to left motion on the eigenvalues diagram)
along the propagation. This is contrast to all of the adiabatic processes detailed so far, in which the same conversion
takes place regardless of the period chirp direction (though
sometimes through a different adiabatic path, as in Fig. 15).
The adiabatic paths followed for the case of λ1 = 1542
nm and λ1 = 1509 nm are marked with arrows in Fig. 16a
and b, respectively. The direction of the arrows indicates
increasing (left to right) or decreasing (right to left) QPM
modulation period. Note that, in correspondence to the initial condition of the interaction, the system always starts
on the k1bar e solid black line. In Fig. 16a we see that λ1
= 1542 nm and an increasing period would result in efficient conversion to ω2α (i.e. via the SFG process ω1 +
ωp1 = ω2α ). For the same input wavelength, a decreasing
period would yield conversion to ω3α (the latter SFG process would be cascaded with the DFG process ω2α + ωp2
= ω3α ). Similarly, for λ1 = 1509 nm, Fig. 16b shows adiabatic conversion to ω2b (by virtue of ω1 + ωp2 = ω2b )
for decreasing period and adiabatic conversion to ω3b (the
latter cascaded with ω2b − ωp1 = ω3b ). The eigenvalues
plot therefore predicts that the conversion will depend both
on chirp direction as well as input wavelength.
These phenomena can be seen in Fig. 17a and b, which
show the numerically simulated output intensities of the
dominant conversion process, as a function of input wavelength, for increasing and decreasing QPM period, respectively. From these two figures the dependence of the dominant conversion process on both the input wavelength and
the chirp direction is clear. Altogether, four different conversion processes can be performed, depending on input
wavelength and chirp direction. Furthermore, each of these
processes can be performed with high efficiency over a wide
range of input wavelength.
These results were also verified experimentally. The experimental results are displayed in Fig. 17c and Fig. 17d,
which show the measured output power vs. input wavelength for increasing and decreasing QPM period, respectively. The experimental conversion dependence on input
wavelength and chirp direction, as well as the broad conversion bandwidth, correspond very well with the theoretical
predictions and simulation results. The lower conversion
efficiency in the experiment as compared to the simulation
results from technical limitations.
Interestingly, in the experiment, for a certain range of input wavelengths, the product of the two-process conversion
was itself converted. The reason was that the acceptance
bandwidth of the two-process conversion was greater than
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Figure 17 Numerical simulation of dominant output intensity vs. input wavelength
for (a) increasing QPM period (b) decreasing QPM period. Experimental results of the
same for (c) increasing QPM period (d) decreasing QPM period. Reprinted figure with
permission from Ref. [20].

Figure 18 Optical spectrum analyzer measurement showing multiple adiabatic conversions. The adiabatic SFG-DFG cascade
had a conversion bandwidth so wide that it
contained its own output: the input λ1 was
converted to λ3b , which in turn was converted to λ5b by the same adiabatic SFGDFG conversion process. Reprinted figure
with permission from Ref. [20].

the difference between the frequencies of the two pump
lasers, so the product was also in the acceptance bandwidth
of the same two-process conversion. An example of such
a case is seen in Fig. 18, where the optical power against
wavelength exhibits multiple adiabatic conversions for increasing QPM period. The measurement shows that the
input ω1 was converted to ω3b . The same frequency then
participated in the SFG process ω3b + ωp2 = ω4b , followed
by the DFG process ω4b + ωp1 = ω5b . In fact, in addition to this, another SFG process took place: ω5b + ωp1
= ω6α , since λ5b = 1559.8 nm was inside the acceptance
bandwidth of this process (see Fig. 17a). Altogether, a five
adiabatic process cascade was obtained.
These multiple frequency-cascaded processes suggest
an interesting application: an all-optically tunable frequency comb. The pump frequencies should be chosen
such that the difference between them is much smaller than
the two-process conversion bandwidth. There will then be
many cascades of conversion, since each cascade-product
will still be within the acceptance bandwidth of the same
process that generated it. The spectral spacing between
these products would be equal to the spectral spacing between the two pumps. In this manner a frequency comb can
be obtained, where the central frequency and teeth spacing
can be all-optically tuned by tuning the frequencies of the
input and pumps. High efficiency for many cascades can
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be obtained by placing the chirped crystal in a resonator
(see Fig. 19), or using CW lasers with a fiber-coupled QPM
waveguide [32] in a fiber loop.

6. Adiabatic dynamics in the fully nonlinear
three wave mixing
The fully nonlinear regime of frequency mixing concerns
the general case where the undepleted pump approximation does not necessarily hold, meaning that the interacting waves are allowed to have comparable intensity. As
seen in previous sections, the undepleted pump assumption linearizes the dynamics and makes it isomorphous
to the linear Schrödinger equation of quantum mechanics. Such linearization process allows the use of quantum
mechanical adiabatic theorem [1], and thus was essential
for the for the research work presented in previous sections
[8, 9, 11, 12, 18–20]. Frequency conversion in the fully nonlinear regime is very appealing, since there is no requirement for a strong pump laser whose power is mostly unused
as in the undepleted pump regime. It is, however, generally
difficult to obtain efficient and robust conversion in the
fully nonlinear regime, due to the more complex dynamics. Specifically for adiabatic interactions, the isomorphism
with the linear Schrödinger equation breaks down and the
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Figure 19 Schematics of frequency comb generation by cascaded adiabatic conversions, facilitated by a chirped crystal in a resonator.
The input frequency ω1 gets converted to another frequency that is within the conversion bandwidth of the same adiabatic SFG-DFG
process, which in turn gets converted itself, and so on. The spectral spacing between all of these frequencies is equal and optically
tunable.

quantum mechanical adiabatic theorem does not apply any
more. In this section, we will review the recent research
works that have been performed in the fully nonlinear interaction regime. We will focus here on pump-depleted TWM
processes and adiabatic dynamics.
Adiabatic interaction with nonlinear dynamics was first
considered by Baranova et al. [6, 7] for the special case
of SHG. In Ref. [6], an analytical investigation of the
eigenstates of the SHG system lead to the hypothesis that
adiabatic interaction is possible under some adiabaticity
condition. Ref. [7] presented numerical simulations that
support the hypothesis. Phillips et al. [21, 61] and Heese
et al. [13–15] conducted extensive research into adiabatic
OPA, both theoretically and experimentally. In these works
the notion of adiabatic following of an eigenstate was explained in detail. In a recent publication, a geometrical
representation of adiabatic OPA was introduced, which can
also be applied to other adiabatic conversion processes,
and a heuristic adiabaticity condition was put forth, based
on this geometrical representation. Furthermore, it was
shown how apodization (meaning, reducing spectral ripples) can be used to reduce gain oscillations across the
conversion bandwidth, which is crucial for broadband ultrashort applications. Phillips et al. also analyzed adiabatic
OPO [22], which was found to have an inherent instability. Another interesting perspective on adiabatic OPA was
provided by Yaakobi et al. [23], who found analytical expressions for the waves evolution and adiabaticity condition for this case, where the pump input intensity is much
higher than the input signal intensity [23]. The analysis
was based on autoresonance process: it was shown that the
pump-perturbed nonlinear system gets captured into a resonant state, and stays phase-locked with the perturbation
despite its nonlinearity, as long as the phase-matching conditions vary slowly enough. The autoresonance approach
was also applied to adiabatic SHG in a more recent publication [24]. In this context we also mention the work of
Richards [62], who presented a theoretical study of SHG
in tapered optical fibers, based on modal phase matching. By sweeping the phase mismatch across the phasematched condition during the propagation, he had demonstrated that this SHG scheme is both efficient and robust
with respect to nonlinear phase modulation. Though the
adiabaticity mentioned in this work is that of the taper (i.e.
the eigenmodes of the fiber follow the taper adiabatically)
and not of the nonlinear interaction, the phenomena that
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Figure 20 Phase portrait for the motion of a pendulum. The
phase space axes, q and p, are the angle of deviation from the
vertical and the angular momentum, respectively (see inset). The
pendulum drawings illustrate the corresponding motions.

he has observed is exactly the outcome of the adiabatic
constraint.
A general, comprehensive physical model of adiabatic frequency conversion in the fully nonlinear dynamics
regime, which applies to all three wave mixing processes,
was presented recently by Porat and Arie [20]. Using adiabatic invariance theorem from classical mechanics [63,64],
it was shown that the nonlinear system can follow a stationary state that changes with adiabatically varying phase
matching conditions. An adiabaticity condition was also derived analytically. These analytical expressions match those
found by Yaakobi et al. [23, 24] in the special cases considered by them. Furthermore, the linear dynamics case, obtained with the fixed pump approximation, was also shown
to be a special case described by the general theorem [20].
In the following section, we choose to start by reviewing
in detail the general physical model of adiabatic frequency
conversion based on classical mechanics adiabatic invariance [20]. Next we review the autoresonant approach that
was applied to the special cases of OPA and SHG. The
heuristic geometrical approach of Phillips et al. [61] and
the adiabatic OPA experiments of Heese et al. [13–15] will
be discussed as well. This will be followed by an analysis of
adiabatic OPO and its inherent instability [22]. Finally, the
findings of Rangelov et al. [19] and Longhi [60], regarding
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THG via adiabatic interaction of cascaded processes, will be
reviewed.

6.1. Classical mechanics adiabatic invariance
theorem
Classical mechanics also boasts an adiabatic theorem
[20,21], called the adiabatic invariance theorem. This theorem is valid for any conservative system that evolves periodically or quasi-periodically, with either linear or nonlinear
dynamics, as long as its dynamics can be cast in the form
of a canonical Hamiltonian structure, with a Hamiltonian
that is smooth (meaning that the first and second derivatives
of the Hamiltonian with respect to generalized coordinates
and momenta are always finite).
A brief discussion of classical mechanics adiabatic invariance theorem is put forth here. The interested reader
can find the full mathematical analysis in classical mechanics textbooks [20, 21]. Consider a system with one degree
of motion. The dynamics of the system is described by a
canonical Hamiltonian structure, i.e. two coupled differential equations for the canonical coordinate and momentum,
q and p, respectively:
dq
∂H
=
dt
∂p
∂H
dp
=−
dt
∂q

(20a)
(20b)

The system is assumed to evolve periodically, i.e. q and
p are both periodic functions of time, with the same periodicity. Therefore, for a given set of fixed system parameters,
the motion of the system point in the (q, p) phase-space describes a closed or open curve that is repeated indefinitely.
A simple example would be the pendulum, where q and
p are the pendulum’s angle of deflection from the vertical and angular momentum, respectively. The pendulum’s
phase portrait, where each point corresponds to a state of
the pendulum, is illustrated in Fig. 20. Solid black lines
represent trajectories of the system point for different initial conditions. Since the Hamiltonian is a constant of the
motion, the phase-space trajectory curve (either closed or
open) is a contour line, also known as iso-line, of the Hamiltonian. Therefore the phase portrait is the contour plot of
a given Hamiltonian. Furthermore, if the Hamiltonian depends on a parameter, then changing this parameter will
change the phase portrait. The extrema of the Hamiltonian,
in which ∂ H/∂q = 0 and ∂ H/∂ p = 0, are stationary states
(i.e. eigenstates) of the system, as evident from Eqs. (20).
The corresponding points in phase space are called fixed
points.
For the example of a pendulum, a fixed point is found
at q = 0 and p = 0, the state where the pendulum sits
still at the vertical. For a certain range of p, for which the
pendulum performs back and forth oscillations, the phase
portrait would consist of ellipses centered about the fixed
point. For values of p beyond this range, the pendulum
circles around, so the phase portrait is made of open curves.
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All of these cases are shown in Fig. 20. Generally, a fixed
point that is enclosed within a trajectory curve is called an
elliptic fixed point.
Suppose that the system point is orbiting an elliptic fixed
point. Furthermore, the Hamiltonian is taken to depend
on a parameter, which is changed slowly. The adiabatic
invariance theorem states that if the rate of this change is
sufficiently low, then the system point stays near the elliptic
fixed point throughout the change process. Specifically, for
a system point orbiting at frequency ω with corresponding
period τ = 2π /ω, the rate of change needs to satisfy
τ

dω
dt

ω

(21)

i.e. the change in ω in one period of the motion is required
to be much smaller than ω itself. For example, the parameter can be changed such that the elliptic fixed point moves
in phase-space. The adiabatic invariance theorem then predicts that the system point will continue to orbit the same
elliptic fixed point as it moves in phase-space. It is here
that the significance of this theorem is revealed: if a system
parameter is varied slowly enough, the state of the system
(represented by the position of the system point in phasespace) can be controlled. The system can thus be brought
into a physical state, at the end of the change process, which
is very different from the one it started with.
The adiabatic invariance theorem has been applied to
quantum systems with nonlinear dynamics, by representing
the Schrödinger equation in a canonical Hamiltonian formulation [65–67]. The approach was recently implemented
in Ref. [25] in order to apply adiabatic invariance to fully
nonlinear TWM. In the following it will be explained in
detail.

6.2. Canonical representation
The first step towards applying the adiabatic invariance theorem to fully nonlinear TWM is to find an
appropriate canonical Hamiltonian representation. We
start by defining
 amplitudes qj by A j ≡
  zthe complex
√
− κ j q j exp −i 0 k(z  )dz  , j = 1,2,3, where κ j =
χ (2) ω2j
k j c2

are the coupling coefficients from Eq. (7). This definition makes |q j |2 proportional to the photon flux at frequency
ωj . The TWM system is known to have three constants of
motion, namely the Manley-Rowe relations,
K 1 = |q1 |2 + |q3 |2

(22a)

2

K 2 = |q1 | − |q2 |

(22b)

K 3 = |q2 |2 + |q3 |2

(22c)

2

Remembering that |q j |2 is proportional to the photon
flux at ωj , the physical meaning of these constants is easy
to see: every time a ω1 photon is annihilated, a ω2 photon
is also annihilated, and a ω3 photon is created. Similarly,
annihilation of a ω3 photon is accompanied by creation of a
ω1 photon and a ω2 photon. Therefore, the sum of photons

www.lpr-journal.org

REVIEW
ARTICLE
Laser Photonics Rev. 8, No. 3 (2014)

355

Figure 21 (a) Phase portrait with P2 = 0.3P3 ,
i.e. 30% photon excess in ω1 over ω2 ,√and normalized phase-mismatch  = 0.6 P3 . (+)
and (−) mark the positions, in phase space, of
the stationary states. The arrows indicate the
direction of their motion with increasing phasemismatch. (b) Normalized canonical momentum vs. normalized phase-mismatch, for the two
stationary states, where P2 = 0.3P3 . These are
the vertical positions of the (+) and (−) stationary states in phase space for various values
of the phase mismatch. Reprinted figure with
permission from Ref. [25].

at ω1 and ω3 (K1 ) is constant, and so is the sum of photons
at ω2 and ω3 (K3 ) as well as the difference between the
number of photons at ω1 and ω2 (K2 ). In fact, only two of
these three constants are independent, since K3 = K1 − K2 .
As the Manley-Rowe relations are constants of the motion,
the system is invariant under the phase-transformations that
they generate.
Now we are in a position to define the real generalized
coordinates Qj and momenta Pj , which will be used for the
canonical Hamiltonian representation:

− arg(q1 ) − arg(q2 ) + arg(q3 )
Q1 =
8


− arg(q1 ) + arg(q2 )
Q2 =
4


− arg(q1 ) − arg(q2 ) − arg(q3 )
Q3 =
8


(23a)

P1 = |q1 |2 + |q2 |2 − 2 |q3 |2
P2 = |q1 |2 − |q2 |2

(23b)

P3 = |q1 |2 + |q2 |2 + 2 |q3 |2
The reason that these parameters provide a useful representation will now be explained. From their definitions,
P2 = K2 and P3 = K1 + K3 , so P2 and P3 are constants
of the motion. Note P2 represents the photon flux excess
at ω1 over ω2 , and P3 represents the overall photon flux
balance between the three waves. Their corresponding generalized coordinates, Q2 and Q3 , are the phases that remain
invariant under the transformations generated by P2 and
P3 , respectively. As a result, the interaction can be completely described by the dynamics of Q1 and P1 , where Q1
is proportional to the phase difference between the two low
frequencies and the high frequency, and P1 represents the
excess of photon flux in the two low frequency waves over
the high frequency wave. P1 is thus directly related to the
conversion efficiency.
√ We further define the scaled propagation
√ length ξ =
z κ1 κ2 κ3 and the parameter  = k/ κ1 κ2 κ3 , which
describes the relative strength of the phase-mismatch compared to the nonlinearity. With these definitions, the canon-
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ical Hamiltonian equations are given by
∂H
d Q1
=
dξ
∂ P1
d P1
∂H
=−
dξ
∂ Q1

(24a)
(24b)

where the Hamiltonian is
1 
(P1 + 2P2 + P3 ) (P1 − 2P2 + P3 ) (−P1 + P3 )
H =
8

cos (8Q 1 ) −  (P1 + 3P3 )
(25)
The phase portrait of the system is determined by the
constants of motion P2 and P3 (i.e. by the Manley-Rowe
relations) and the phase-mismatch . In other words,
the constraints on the distribution of photons between the
three waves, expressed with the Manley-Rowe constants or
equivalently with P2 and P3 , determine the interaction for
given initial conditions and the phase-mismatch parameter
. Figure 21a shows the √
(Q1 , P1 ) phase portrait, where
P2 = 0.3P3 and  = 0.6 P3 . Note that P1 is bounded
between 2 |P2 | − P3 and P3 . This reflects the boundaries of
up-conversion and down-conversion due to depletion (e.g.
the up-conversion process can continue only until one of
the low frequency waves is depleted). The phase portrait
contains two elliptic fixed points, labeled “+” and “−” (the
phase portrait is periodic in Q1 so the “+” fixed point appears on both sides of Fig. 21a). The arrows in this figure
indicate the direction of motion of the fixed points with
increasing phase-mismatch. This motion is purely vertical,
so each elliptic fixed point can have different values of P1
depending on the phase-mismatch, i.e. it will correspond
to a different conversion efficiency for different values of
the phase-mismatch. Additionally, each point will always
+
have the same value of Q1 , i.e. Q −
1 = 0 and Q 1 = π/8.
Therefore, at an eigenstate, the phase difference between
the low frequencies and the high frequency is either 0 or π .
This point will serve to elucidate the connection to autoresonance process in the next section.
Figure 21b depicts the vertical position of the two stationary points in phase space, as a function of the phasemismatch. The important property to note here is that these
positions span the entire range of values allowed for P1 . This
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Figure 22 Illustration of adiabatic criteria and evolution for
a case with equal number of
photons at ω1 and ω2 . The top
and bottom rows correspond to
fast and slow chirp rate, respectively. In both rows the phasemismatch is swept over the
same range. The dashed lines
correspond to a stationary state.
These were calculated analytically, as was the nonlinear adiabatic condition rnl in (c) and (f).
Only the bottom row, in which
rnl
1, satisfies the adiabatic
condition. Reprinted figure with
permission from Ref. [25].

means that adiabatic variation of the phase mismatch can
facilitate evolution over the entire range of P1 . Specifically,
the system can start with no energy in the high frequency ω3
(top of the phase space, where P1 = P3 ) and end up with the
maximum possible energy in ω3 , bounded only by depletion (bottom of the phase space, where P1 = 2 |P2 | − P3 ).
The efficient conversion in the opposite direction, from
high to low frequency where ω3 is completely depleted,
corresponds to motion from bottom to top. Interestingly,
if P2 = 0, then each of the two low frequencies has the
same photon flux, which means that they deplete simultaneously. In this case, adiabatic up-conversion would result in complete transfer of their initial energy to the high
frequency.

6.3. Adiabatic criteria and evolution
In the following, we summarize the conditions required
for adiabatic evolution, which were presented fully in
Ref. [25]. Adiabatic following can be obtained when the
system is prepared to be near
state with P1±
 a stationary

±

P3 , and the rate
(see Fig. 21b), i.e. such that P1 − P1
of change of the scaled phase mismatch  is small enough
to satisfy

 
 d P ± /P d 
3
 −1

1
rnl = 
v
 d
dξ 

where v =

∂2 H
∂ Q 21


 ± ±
 Q 1 ,P1

∂2 H
∂ P12

1

(26)


 ± ±
 Q 1 ,P1 is the frequency in

which the system point orbits a fixed point in phase space.
Adiabaticity can thus be more closely satisfied when the
overall intensity is larger (which increases the overall photon flux P3 ) and when the rate of change of the phasemismatch is smaller. For given Manley-Rowe constants (or
equivalently P2 and P3 ), the frequency v is generally faster
for greater phase-mismatch magnitude ||. The condition
is thus more stringent close to phase-matching. If addition-
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ally  varies monotonically,
√ changing signs from beginP3 at the beginning and end of
ning to end, and ||
the interaction, the system will evolve adiabatically from
P1 = P3 to P1 = 2 |P2 | − P3 or vice versa.
An example illustrating adiabatic criteria and evolution
for a case with the same number of photons in ω1 and ω2
(i.e. P2 = 0) is depicted in Fig. 22. In this figure, the dashed
curves correspond to the minus stationary state, calculated
analytically. Each row of panels in Fig. 22 corresponds to
a different case. In both cases the system started in the minus state and the √
phase-mismatch
was swept over the same
√
range (from −10 P3 to 10 P3 ). However, in each case the
phase-mismatch chirp rate was different, (the interaction
length was different). In the first case, shown√in Figs. 22ac, the normalized interaction length was ξ P3 = 1, and
the system does not follow the stationary state. Correspondingly, the adiabatic condition is not satisfied, as rnl reaches
a value much greater
√ than 1. In the second case, displayed
in Figs. 22d-f, ξ P3 = 100, the stationary state is very
closely followed, and rnl
1 throughout the entire interaction. Subfigures c and f, which depict rnl , were calculated
using Eq. (26).

6.4. Robustness and bandwidth
Adiabatic TWM processes have numerically been shown
to be robust against changes in various parameters, such
as wavelength and temperature [8, 9, 11, 12, 19, 20] (also
see Section 3.1), which are manifested in changes in the
phase-mismatch. This robustness stems from the fact that
the phase-mismatch is swept along a large range of values, so a wide range of physical conditions can result in
phase-matching conditions within the range that satisfies
the requirements for adiabatic evolution.
The conversion bandwidth is defined as the full width
at half maximum of the conversion efficiency. For upconversion, the conversion efficiency can be expressed
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Figure 23 Adiabatic SFG simulation. The
pump wavelength was λ2 = 1064 nm and
the sum-frequency wave was taken to start
with no energy. The nonlinear medium was a
MgO:LiNbO3 crystal with a poling period linearly chirped from 11.52 μm to 11.79 μm.
(a) Intensities of the three waves along the crystal for input wavelength λ1 = 1550 nm, and total input intensity 200 MW/cm2 . (b) Conversion
efficiency vs. λ1 for different total input intensities, which are indicated in units of MW/cm2 .
Reprinted figure with permission from Ref. [25].

as [25]
η≡

P3
2 (|P2 | − P3 )

P1
−1
P3

(27)

while for down-conversion it is simply 1 − η. Note
that, since P2 and P3 are constant for a given interaction, the conversion efficiency dynamics is determined
entirely by P1 . Under this definition, η(P1 = P3 ) = 0
and, η (P1 = |P2 | − P3 ) = 1. The full width at half maximum of η was estimated to be BW = (ξ/2) −
(−ξ/2). The estimated bandwidth is therefore independent of the intensities of the interacting waves, as it
depends only on the phase-mismatch chirp range. This estimate was shown to be within 3% of numerical results
[25].
Figure 23 shows numerical simulation results of an example of an adiabatic broadband process in the fully nonlinear regime. The intensities of the three waves along the
crystal when the input wavelength is λ1 = 1550 nm and the
total input intensity (i.e. at both λ1 and λ2 ) is 200 MW/cm2
are displayed in Fig. 23a. Clearly, energy is efficiently
transferred from the low frequencies to the high frequency
(η = 0.93). Figure 23b depicts the conversion efficiency
as a function of input wavelength, for several total input
intensities. For low intensity of 2 MW/cm2 , the conversion efficiency is low (η ≤ 0.11) but constant over a 54.2
nm bandwidth. This is an example of non-adiabatic interaction, where the adiabatic condition of Eq. (26) is not
satisfied due to the low intensity (low P3 ). For total input
intensity of 200 MW/cm2 , the conversion is very efficient
(reaching η = 0.97) over a wide 55.5 nm bandwidth. This
high and broadband efficiency is the hallmark of adiabatic
interaction. Interestingly, for higher total input intensity of
20, 000 MW/cm2 , the efficiency oscillates across the λ1 tuning range. The reason for this is that the high intensity (i.e.
high P3 ) invalidates the requirement that ||
P3 at the
beginning and end of the interaction. As a result, the system point orbits the stationary point from a large distance,
which in turn results in large oscillations of the conversion
efficiency with changing conditions (such as changing λ1 ).
This demonstrates how, due to the nonlinearity of the dynamics, a given adiabatic design will perform optimally not
only above a certain input intensity, but also below some
intensity upper bound. In order to support adiabatic interaction for higher intensities, a larger chirp range is required,
so that ||
P3 at the beginning and end of the interac-
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tion. Finally, we note that numerical simulations for SHG,
DFG and OPA were shown to yield similar results [25].
Several earlier works had already provided insights
into fully nonlinear adiabatic TWM. To the best of our
knowledge, Baranova et al. [6, 7] were the first to consider
adiabatic SHG with nonlinear dynamics. Explicitly admitting that the linear adiabatic theory does not apply, the
authors hypothesized that adiabatic interaction could still
take place, based on similarities between the eigenstates
and eigenvalues of the SHG system and those of linear
systems with two coupled modes. The same authors then
went forth to show correspondence between the system’s
eigenstates and numerical solutions with a slowly changing phase-mismatch. Other concepts, while contained in the
description given above, shed light on special cases of the
nonlinear dynamics as will be shown in the following.

6.5. Autoresonance process
An interesting view point on adiabatic interaction was provided by Yaakobi et al. [23, 24] by applying the concept of
autoresonance [68, 69]. Autoresonance is a nonlinear process in which nonlinearly interacting waves can phase lock
(hence stay in resonance) owing to an adiabatic change in
the system parameters, thereby enabling efficient transfer
of energy between these waves. In fact, the first publication on autoresonant optical frequency conversion was
applied to OPA by FWM [26], however a similar reasoning was used for TWM OPA and SHG, where in all
cases the phase mismatch is swept from a very large negative (positive) to a very large positive (negative) value.
In all of these cases, a key requirement is that the interaction
begins in conditions that satisfy undepleted pump approximation (for FWM there were two undepleted pumps). It was
then shown that with an undepleted pump, and using the
Manley-Rowe relations, the entire dynamics of the interaction can be described as the dynamics of Z = |B1 | exp(iφ),
where B1 is a normalized complex amplitude of the signal
and φ is the difference between the phases of the undepleted pump(s) and the phases of the weak signal and idler
(in SHG the signal and idler are degenerate), e.g. for TWM
OPA:

φ = arg(B1 ) + arg(B2 ) − arg(B3 )

(28)
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Figure 24 Numerical simulation of autoresonant OPA. (a) Photon fluxes of the interacting waves and (b) The relative phase defined
by Eq. (28) along the propagation. The bottom row of panes shows illustrations of the corresponding phase-space picture, where the
stationary state being followed is marked with a magenta star. Reprinted Fig. 24a and Fig. 24b with permission from Ref. [23].

where B2 and B3 are the normalized complex amplitudes
of the idler and pump, respectively. Subsequently, it was
found that, for a linearly varying phase mismatch, Z is
real and inversely proportional to the chirp rate near the
phase-matching point (for FWM, nonlinear phase modulation compensates the dispersion phase-mismatch at this
point). As a result, as the propagating waves approach the
phase-matching point, the manifestation of autoresonance
is that the phase φ locks onto either 0 or π for increasing or
decreasing phase-mismatch, respectively. Next, under the
assumption that φ is either 0 or π , the undepleted pump
dynamics equations predict that the signal and idler will
have the same number of photons after a finite propagation
length, in the limit of an asymptotically small chirp rate.
The physical interpretation is simply that the pump(s) generated an equal number of signal and idler photons, and that
this number is much larger than the initial number of signal
photons, after some finite propagation length. Finally, the
full nonlinear dynamics is solved under the conditions of
φ = 0 and identical signal and idler photon flux. This solution leads to a full transfer of energy from the pump(s) to
the signal and idler.
A numerical simulation of autoresonant OPA with positive chirp rate is shown in Fig. 24. The normalized photon
fluxes of the interacting waves are shown in Fig. 24a, and
the evolution of the phase φ in Fig. 24b. In correspondence
to the above explanation, in the first part of the interaction the photon fluxes are effectively constant, while the
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phase φ oscillates and gradually approaches 0. When φ
is finally very close to 0, energy starts getting transferred
from the pump to the signal and idler, where they have
the same photon flux. This process continues until the full
depletion of the pump, where the phase φ remains near zero
value all along the propagation.
Yaakobi et al. also provide stability analysis for each
of the three cases that were studied [24, 26]. In simple
terms, they found that adiabatic interaction will take place
as long as the chirp rate is much smaller than the oscillation
frequency of φ during the locking stage (see Fig. 24b). This
frequency is itself proportional to the chirp rate and to the
amplitudes of the interacting waves.
The autoresonant perspective is isomorphous to a special case of the general theory that was presented in the
previous section, i.e. OPA and SHG with an initially weak
signal. This is illustrated for the case of adiabatic OPA in
the bottom row of panels in Fig. 24. First, the locking stage
in the autoresonance process is the same as the initial stage
of the general theory, where the stationary point is near
the bottom of the phase portrait (leftmost bottom pane in
Fig. 24) while the phase-mismatch is very large. At this
stage, the system point is moving along an open curve (the
curve that passes through the center of the star). As the
phase-mismatch decreases in magnitude, this curve bends
to orbit a stationary point. From this point the system point
orbits this stationary point, which is marked with a magenta
star in the four rightmost bottom panes in Fig. 24. This fixed

www.lpr-journal.org

REVIEW
ARTICLE
Laser Photonics Rev. 8, No. 3 (2014)

359

point moves vertically up in phase space, along the line of
Q 1 = π/8, which is equivalent to φ = 0. More generally, as
explained above and can be seen in Fig. 21, the stationary
points move vertically in phase-space with increasing or
decreasing phase-mismatch (i.e. positive or negative chirp
rate), along the Q1 = 0 and Q 1 = π/8 vertical lines. Since,
by their definitions in Eqs. (23) and (28), Q 1 = (π − φ)/8,
following a stationary point with Q 1 = 0 (Q 1 = π/8) is
equivalent to maintaining φ = π (φ = 0).
Furthermore, the case of identical signal and idler photon flux was solved analytically in the context of the general
theory, yielding the same results as those obtained with autoresonance. Finally, the frequency of the oscillations of
φ during the autoresonance locking stage is the same as
the frequency of the system point around the fixed point in
the general theory phase space. Hence, the autoresonance
stability condition is in fact a special case of the general
adiabaticity condition given by Eq. (26).

6.6. Adiabatic OPA and geometrical
visualization of general TWM
Due to its significance to ultrashort laser physics, adiabatic
OPA received special attention by researchers. A parametric
investigation of adiabatic OPA was carried out by Phillips
et al. [21]. In this publication the authors have already laid
out, in general terms, the main features of the general theory, namely that the system follows an eigenstate due to
the slowly varying phase-mismatch. Following a series of
experimental works by Heese et al. [13–15], Phillips et al.
published a detailed analysis of apodized adiabatic OPA
[61], taking a heuristic approach based on the geometrical
representation of Ref. [70]. This theory will now be explained, and then the experimental results of Ref. [13–15]
will be reviewed. Here a QPM modulation with 50% duty
cycle will be assumed, and adiabaticity will be obtained
by chirping. We note that Phillips et al. [61] considered
other schemes, but found them to be less useful due to
technological fabrication limitations or inherent physical
reasons.
We begin by describing the geometrical representation
of Ref. [70]. Three real variables, X, Y and Z, are defined
according to
X + iY = γ  q1 q2 q3∗

(29a)

Z = γ3 |q3 |2

(29b)




2
n j γ j2 |q j (0)|


and γ  =
where γm = n m γm2 / ωm 3j=1
ωj
   
γ1 γ2 γ3 are normalization constants. The phase of X +
iY is the phase difference between the two low frequencies
and the high frequency, and Z is proportional to the pump
photon flux. The geometrical representation is constructed
by considering X, Y and Z as components of a vector W in
a three dimensional space, i.e. W = [X, Y, Z ]T .
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Due to the constraints represented by the Manley-Rowe
relations, this vector is restricted to a surface defined by the
implicit equation φ = 0, where
ϕ = X2 + Y 2 −


γ1 γ2 

Z − γ3 K 3
 Z Z − γ3 K 1
γ3

(30)

It can be shown that this conserved surface is always
closed and convex [70]. For a constant phase-mismatch, the
evolution of the system is geometrically represented as a
motion of the vector W along a closed curve. This curve is
formed by the intersection between the φ = 0 surface and
a plane, which is entirely determined by the Manley-Rowe
constants and the phase-mismatch. Additionally, each such
curve is circling a point on the Y = 0 line that corresponds
to an eigenstate. An example of such evolution is shown in
Fig. 25. Figure 25a depicts the φ = 0 surface, where the
blue curve is the trajectory traced by the motion of W in
the direction indicated by the blue arrow. The black arrow
exits the surface at the point corresponding to the eigenstate
that the trajectory curve circles. Figure 25b displays the
corresponding photon flux of the OPA signal (ω2 ) and pump
(ω3 ).
Phillips et al. [61] found that the eigenstates correspond
to points along Y = 0 on the surface (i.e. in the X-Z plane),
so an ideal adiabatic OPA interaction would have the vector
W following the trajectory from the top to the bottom of
the surface, along Y = 0. Correspondingly, an adiabaticity
condition was formulated based on two heuristic requirements: (i) the angle of deviation of W from the Y = 0 line,
in the direction perpendicular to the X-Z plane, is required
to be much smaller than the angle W subtends in the X-Z
plane; (ii) the rate of variation of Z along the crystal is required to match that of the Z component of the eigenstate
(the latter varies due to the variation of the phase-mismatch
along the crystal). This results in an intuitive geometrical
requirement, written as


 dθ 
R⊥


(31)
 d 
R
  
∂ϕ
is the angle subwhere θ = tan−1 ∂ϕ
∂z
∂x
Y=0
tended on the X-Z plane by a vector pointing at the
eigenstate
point that the local trajectory is circling.  =
z
2
4γ + k12 (z  )dz  is a scaled propagation coordinate,
0

n γ2
 ωj j j |q j (0)|2
(2)
2χ

γ = πc ω1 ω2 ω3 j n 1 n 2 n 3 is a constant, and R

and R⊥ are the local radius of curvature of the φ = 0 surface, at the point described by W, in the X-Z plane and the
direction perpendicular to it, respectively. In loose terms,
the left hand side of this inequality describes the rate of
motion of the eigenstate point, on the surface, due to the
varying phase-mismatch. In order to understand the meaning of the right hand side, recall that W is constrained to
move on the φ = 0 surface. Therefore, for a given phasemismatch, the local curvature of the surface determines the
rate of change of W. The right hand side thus describes the
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Figure 25 Geometrical representation of OPA and its phase-space analog. (a) The surface represents all physically allowed system
states, i.e. allowed positions of the state vector W. For the given phase-mismatch, W evolves along the blue curve in the direction
indicated by the blue arrow. This curve circles a point that represents an eigenstate. The black arrow exits the surface at this point.
(b) Corresponding periodic evolution of the signal and pump along the crystal. (c) Corresponding phase-space diagram, where the
system follows the blue contour line in the direction indicated by the blue arrow, and the stationary point that it circles is marked by the
magenta star. Reprinted Fig. 25a and Fig. 25b with permission from Ref. [61].

local ratio between the rate of motion of W in the X-Z plane
and in the perpendicular direction, due to evolution of W
along the local trajectory curve (i.e. the curve that corresponds to the local phase-mismatch). Large R⊥ /R means
that W is moving faster along the X-Z plane than in the perpendicular direction. As long as this ratio is much greater
than the angular rate of motion of the eigenstate point, W
will stay near the Y = 0 line, so the adiabaticity condition
will be satisfied.
The relation between this heuristic geometric approach
and the general adiabatic theory will now be explained.
We note first that, for a constant phase-mismatch, the trajectory followed along the φ = 0 surface in the geometrical representation is analogous to a contour line in the
phase space representation (see Fig. 25c). They are both
completely defined by the Manley-Rowe constants and the
phase-mismatch, and both circle a point that corresponds to
an eigenstate. More precisely, horizontal (in the X-Y plane)
and vertical (along the Z axis) motion of W on the φ = 0
surface correspond to horizontal and vertical motion of the
system point in phase space, respectively. The reason is that
X + iY ∝ |q1 q2 q3 | exp(−i8Q 1 ) and Z ∝ |q3 |2 . Horizontal
W motion thus means that the phase between the waves is
changing while their amplitudes stay constant. This corresponds to varying Q1 , i.e. the horizontal phase-space coordinate, and constant P1 = |q1 |2 + |q2 |2 − 2 |q3 |2 , which is
the vertical phase-space coordinate. Similarly, vertical W
motion corresponds to constant Q1 and varying P1 , i.e. vertical motion in phase-space. Note that due to the definition
of the coordinate systems in each of these representations,
the direction of motion is reversed both horizontally and
vertically. Furthermore, the eigenstate line on the surface,
Y = 0, corresponds to Q1 = 0 or Q 1 = π/8 in phase space,
i.e. the Q1 values of the eigenstates in the general theory.
Consequently, in terms of the general theory, the adiabaticity requirement of Eq. (31) means the rate of vertical motion
of the stationary point in phase space, due to the changing
phase-mismatch, has to be much smaller than the ratio between the vertical and horizontal local rates of motion of
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the system point evolving along the local contour line. As a
result, the system point will move primarily vertically along
the Q1 = 0 or Q 1 = π/8 line. Apparently, this requirement
is more strict than the adiabaticity condition formulated in
the context of the general theory (Eq. (26)). The former
requires the system point to be near the stationary point
throughout the entire evolution, while the latter only limits
its rate of motion with respect to the frequency with which
the system point is orbiting it. However, since in the general
theory the system point is required to be near a stationary
point at the start of the interaction, these two conditions
qualitatively amount to the same thing.
An experimental demonstration of adiabatic OPA in the
nonlinear dynamics regime was conducted by Heese et al.
[14]. The chirped QPM structure used in this experiment
is illustrated in Fig. 26a, which shows the poling period
along the crystal. Figure 26b displays the experimentally
measured gain spectrum. The result was obtained by tuning
an ultrashort mid-IR source across the 3 − 4 μm range. The
input pulse had a 72 fs transform limit, and was stretched to
2.5 ps before conversion in order to avoid group dispersion
effects. The 10 dB gain bandwidth was more than 800 nm
wide around 3.5 μm, peaking at 45 dB. When the output of
this adiabatic OPA was let into an additional, identical OPA
stage, the gain increased by 14 dB. Before compression, the
converted pulse had 1.5 μJ of energy. This pulse was then
compressed to 75 fs duration, although it suffered from a
prepulse with a peak intensity of about 20% as compared
to the main pulse. Overcoming this temporal distortion is
the motivation behind the work on apodization, discussed
below.

6.7. Apodization procedure
For frequency conversion of ultrashort pulses, the use of
an apodization procedure in the adiabatic design is very
important. It reduces the spectral ripples that appear in the
conversion efficiency when a constant-chirp QPM modulation is used (as seen in Fig. 26b), and also yields a
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Figure 26 Adiabatic OPA experiment in the nonlinear dynamics regime. (a) Chirped poling period along the 7.4 mm long MgO:LiNbO3
crystal used in the experiment. The top inset illustrates the corresponding binary QPM modulation. (b) Experimentally measured gain
spectrum. The 10dB bandwidth is greater than 800 nm. Reprinted figure with permission from Ref. [14].

smoother spectral phase [13, 14, 61]. Both of these phenomena, i.e. the spectral ripple and complex spectral phase
structure, produce a lower bound on the pulse duration of
the compressed converted pulses and even facilitate prepulses. Apodization offers a way to mitigate these effects,
with the aim of producing shorter converted pulses. Such
an apodization procedure has been demonstrated both theoretically and experimentally [13,14,61]. While apodization
was investigated in the context of non-adiabatic interactions
in Ref. [61], as well as in other publications (e.g. [71–75]),
the discussion here is restricted to adiabatic interaction.
Before addressing the apodization procedure, we would
like to explain the reason for the spectral ripples, as laid out
in Ref. [61]. All of the approaches to adiabatic interaction
theories discussed so far require the interaction to begin
and end with very large phase-mismatch, and at the same
time keep a low chirp rate. For a finite interaction length,
a trade-off is required between these two demands. Therefore, as the waves enter or leave the nonlinear medium,
the phase-mismatch is finite. This constitutes an abrupt,
highly non-adiabatic change in system parameters, essentially a discrete switch-on or switch-off of the coupling
between the frequencies. Consequently, the system does
not transit adiabatically between free-space eigenstates and
coupled-system eigenstates. Rather, a superposition of such
eigenstates is excited. The spectral ripples are a manifestation of interference between these eigenstates, as well as
the complex phase-structure imparted on converted broadband ultrashort pulses. This can also be described in terms
of the general theory: due to the abrupt change, the system point does not start very near to the stationary point. It
henceforth orbits the stationary point from a non-negligible,
frequency-dependent distance. Each frequency component
thus performs a different trajectory across phase-space, resulting in spectral ripple.
In the context of adiabatic interaction, apodization techniques provide a gradual (in fact, adiabatic) switch-on and
switch-off of the coupling, at the beginning and end of the
interaction. The idea is to take advantage of the fact that far
from phase-matching, the adiabatic criterion is relaxed. Indeed, as was noted above, as the phase-mismatch increases,
the phase-space orbiting frequency, v, of the system point
around the fixed point, also increases. By considering a
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constant chirp-rate, the methods introduced so far had limited the chirp-rate to that which satisfies adiabaticity near
phase-matching. For a given adiabatically chriped QPM
modulation, Phillips et al. [61] suggested adding fast chirp
rate segments at both ends. The main design criterion for
these apodization segments is the conversion bandwidth intended to be converted by the adiabatic interaction. The fast
chirp begins at points where the phase-mismatch is large for
conversion of any frequency in this range, at both ends of
the QPM modulation pattern. The chirp rate in the apodization segments still satisfies the adiabatic condition, however
this condition is now very much relaxed so the chirp rate
can be greatly increased with position away from the edges
of the original constant-chirp design. A numerical method
for finding an optimal form of the apodization segments,
for a desired degree of adiabaticity, is detailed in Ref. [61].
Figure 27 displays a numerical example of apodization
of adiabatic OPA. This OPA is designed to amplify an input wavelength in the range 1450–1650 nm with a 1064
nm pump. The apodized grating vector, K g (z) = 2π/ (z),
where (z) is the local modulation period, is depicted in
Fig. 27b. The two fast-chirped apodization segments are
clearly visible at both ends of the central segment. The fact
that their chirp rate is so much faster than that of the centeral segment, while still adiabatic, illustrates how relaxed
the adiabaticity condition is in these regions. In Fig. 27a the
numerically calculated pump depletion, corresponding to
the conversion efficiency, is shown for both the unapodized
and apodized case vs. the input wavelength. In the absence
of apodization, the efficiency has as much as 10% fluctuation across the desired wavelength conversion range. The
apodized conversion efficiency is near 100% throughout the
same range, with a less than 1% ripple.
The merits of apodization of adiabatic OPA were also
demonstrated experimentally [13, 15]. Figure 28 shows results of an experiment that compared an unapodized and
an apodized QPM crystal. The poling period along the unapodized and apodized crystals are displayed in Figs. 28a
and b, respectively. Their corresponding compressed converted pulse in Figs. 28c and d. Here, the apodized segments
follow a hyperbolic tangent (tanh) function, which is similar to the heuristic optimum found by the algorithm of Ref.
[61], yet easier to fabricate. In the unapodized case, the
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shaper before entering the OPA, and the generated mid-IR
radiation was compressed simply by passing through bulk
silicon. This scheme takes advantage of mature technology
in the 1.5 μm range for dispersion control, which is more
difficult in the mid-IR, thus facilitating both short pulse duration and high efficiency (mid-IR pulse shapers have low
transmission efficiency).

6.8. Adiabatic OPO

Figure 27 Numerical demonstration of apodized adiabatic OPA.
(a) Pump depletion, corresponding to conversion efficiency, of
apodized (blue) and unapodized (green) QPM modulation, vs.
input wavelength. This device is designed for amplification of input wavelengths in the range 1450-1650 nm input. (b) Apodized
QPM modulation grating vector, Kg (z) = 2π/∧(z), where ∧(z) is
the local modulation period. This modulation is entirely adiabatic,
where the two fast-chirp apodization segments at the ends take
advantage of relaxed adiabatic conditions for wavelengths outside the conversion range. Reprinted figure with permission from
Ref. [61].

compressed converted pulse suffers from a very significant
prepulse distortion and a complex temporal phase. An additional feature can also be seen around 200 fs in Fig. 28c.
Contrarily, in the apodized case, the compressed converted
pulse has no significant prepulse or other distortion features. Its temporal phase is also well behaved, nearly flat
across the temporal range that contains almost all of the
pulse’s energy.
In a recent experiment, using two cascaded apodized
adiabatic OPAs, pulses of 75 fs duration and 7 μJ energy
were generated from a 1.56 μm ultrafast input and 1064nm
pumps (the generated radiation spectrum was around 3.4
μm) [15]. In this experiment, the generated pulse duration
was limited by the bandwidth of the input seed. Interestingly, the input pulses were shaped using a SLM pulse
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Phillips et al. also investigated apodized adiabatic OPO
[22], i.e. the case where the apodized adiabatic OPA crystal
is placed inside a resonator and pumped with a single frequency. In OPOs, weak signal and idler are generated first
by spontaneous parametric down conversion. Either the signal, or both the signal and idler resonate in the optical cavity
and so they get further amplified in following trips through
the cavity. The gain saturates as the pump gets depleted, so
eventually the OPO settles into some operating point, where
the gain exactly compensates for the round-trip loss (for a
textbook analysis of OPO see Ref. [28]). As was shown in
previous sections for other interactions, adiabatic interactions lead to robust one-way conversion. These are attractive
properties for OPO, which generally suffers from signalto-pump back-conversion and non-uniform gain across the
pump’s spatio-temporal profile.
In their research, they have devised a clever way to
find the oscillation threshold and operating point of the
adiabatic OPO where only the signal is resonated in the
cavity, assuming low cavity losses. First, the signal gain
near threshold was approximated by assuming undepleted
pump,
G s ≈ exp(2π

p)

(32)

 2
 A p  /(dk/dz). Oscillation thresh
old is thus gives by p,th = ln Rs−1 /(2π ), where Rs =
1 − as and aS is the round-trip signal power loss. Next,
for operation above threshold, pump depletion is estimated using Eq. (32) assuming constant signal power
throughout the crystal, i.e. η p ≈ exp(−2π s ) where s =
χ (2) ω p ωi
√
|As |2 /(dk/dz). The last assumption is reason2
where

p

=

χ√(2) ωs ωi
k s ki c2

k p ki c

able for the working point, in which signal gain and loss
are balanced against each other. Finally, the (low) round
trip signal loss is equated to the signal gain in order to find
the operating point. Using the last two equations this leads
to
1 − ex p(−2π
2π s

s)

=

1
N

(33)

where N is the ratio of pump intensity to the threshold pump
intensity. An implicit equation for the signal intensity at the
operating point has thus been obtained. The conversion efficiency obtained from this equation, as a function of N, is
plotted in Fig. 29, along with the result of a full numerical simulation. Clearly there is excellent correspondence
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Figure 28 Experimental demonstration of apodized adiabatic OPA. Poling period along the QPM crystal (a)
with no apodization (b) with apodization. Normalized intensity (solid blue
line) and spectral phase (dashed
red line) of the corresponding compressed and converted pulse for the
(c) unapodized (d) apodized case.
Reprinted figure with permission from
Ref. [13].

Figure 29 Adiabatic OPO conversion efficiency as a function of
the ratio of pump intensity to threshold pump intensity. Reprinted
figure with permission from Ref. [22].

between the two, both showing how efficiency increases
monotonically with increasing N, reaching nearly 100% at
N ∼ 6.
At this point we can conclude that, for a Gaussian beam
pulsed pump, high conversion efficiency can be obtained if
N
1 across most of the pump’s spatio-temporal profile.
This condition can be satisfied by using a signal cavity
mode somewhat larger than the pump beam and a cavity

www.lpr-journal.org

lifetime comparable to or longer than the duration of the
pump pulse.
A more elaborate analysis revealed that adiabatic OPO
suffers from modulation instability. So far, CW pump, signal and idler were considered, so the instability was effectively ignored. However, if they are allowed to have sidebands (as in common real physical systems), and quantum
noise at all frequencies is taken into account, the instability is manifested. The modulation instability comes from
OPO interaction between sidebands and carrier waves, e.g.
a signal sideband and an idler sideband with the same shift
from their carriers can have a significant interaction with the
pump carrier. This broadband sideband gain is made possible by the wide range of phase-mismatch compensation
provided by the chirped crystal. In some cases, parasitic optical rectification may further exasperate this phenomenon
(see Ref. [22] for details). An example of such a case can
be seen in Fig. 30, that shows the sideband gain G vs. sideband detuning frequency, for various values of N and using
the steady state solution found using Eq. (32). The distinct
peak at 1.38 THz is related to a wave at the same frequency
generated by optical rectification. Furthermore, it’s clear
that significant sideband gain is present at a wide range of
other sideband frequencies in the THz range.
These results indicate that the OPO will not operate
in a single mode due to modulation instability, and indeed
this was demonstrated by numerical simulation [22]. Figure 31 shows an example of such a case, where the signal
spectrum essentially fills the OPO acceptance bandwidth
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Figure 30 Sideband gain vs. sideband detuning for various
ratios of the pump intensity to the pump threshold intensity.
Reprinted figure with permission from Ref. [22].

due to the modulation instability. Phillips et al. discuss and
demonstrate methods to overcome the modulation instability, suggesting an intra-cavity etalon or narrowband signal
seeding [22].

6.9. Adiabatic third harmonic generation
Generating the third harmonic of a fundamental wave (FW)
by cascading SHG (ω + ω → 2ω) and SFG (ω + 2ω → 3ω)
has attracted much attention in the field of frequency conversion [53]. Two distinct adiabatic schemes for efficient
THG in such a scheme will now be put forth.
First, we consider the work of Longhi [60], which actually utilized an idea very similar to the one used in the
STIRAP-analog presented above. However, Longhi was
able to apply it to the nonlinear dynamics regime, by virtue
of an analogy of the SHG-SFG cascade with a three-level

Figure 31 Adiabatic OPO signal spectrum on a frequency scale
that is normalized to the OPO acceptance bandwidth. The central
frequency is the signal frequency for which the OPO process is
phase-matched at the center of the chirped grating. Reprinted
figure with permission from Ref. [22].
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atomic system, involving both a two-photon transition and
a one-photon transition [76]. In essence, this nonlinear system has an eigenstate that corresponds to all energy being
in the fundamental frequency when the SH-TH coupling is
much stronger than the FW-SH coupling. Upon reversal of
this ratio, the same eigenstate corresponds to all energy being in the TH. Additionally, for any ratio of these coupling
strengths, this eigenstate never has any energy in the SH
wave. An adiabatic conversion of the FW to the TH could
be facilitated by varying this coupling ratio such that the
system follows this eigenstate along the interaction. Note
that this would result in a counter-intuitive coupling order,
i.e. the SH-TH coupling strength starts out higher than the
FW-SH coupling strength.
A numerical example of this method is shown in
Fig. 32a, which depicts the normalized power of each frequency. This power is plotted along a QPM waveguide that
is structured to provide the FW-SH coupling and SH-TH
coupling κ 0 and σ 0 , respectively, shown in Fig. 32b. The
latter also shows the adiabaticity parameter r, where the
adiabaticity condition is r
1. High THG efficiency is
clearly obtained, however the SH reaches as much as 20%
of the input power along the way. The reason is that in this
case of nonlinear dynamics it is more difficult to satisfy the
adiabatic condition (as was shown analytically by Pu et al.
[76] for the atomic case). This can also be seen in Fig. 32b,
which shows that the adiabaticity condition r
1 is not
satisfied throughout a large part of the interaction.
Rangelov et al. also performed numerical simulations
of adiabatic THG via SHG and SFG cascading [19]. In this
scheme, a QPM crystal is chirped in the counter-intuitive order, i.e. first the SFG process is phase-matched and then the
SHG phase-matching takes place. Numerical simulations
indicate that this results in efficient THG with negligible
energy being present in the SH throughout the entire interaction (see Fig. 33 for an example). Robustness against
variation in the input wavelength was also demonstrated
numerically.

Figure 32 Nonlinear STIRAP THG. (a) Numerically simulated
power of the three interacting waves along the propagation axis.
(b) FW-SH and SH-TH coupling strengths κ 0 and σ 0 , respectively,
and the adiabaticity parameter r. The adiabaticity condition is
r
1. Reprinted figure with permission from Ref. [60].
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Figure 33 Numerically simulated normalized intensities of adiabatic THG via SHG-SFG cascade along a chirped QPM crystal.
Reprinted figure with permission from Ref. [19].

In this section, we have tried to unite several interesting
and important research works that have been reported in the
last few years, under the framework of the general theory of
the fully nonlinear adiabatic TWM process. We discussed
in detail the approaches taken by Yaakobi, Philips, Heese,
and their coworkers, regarding the special cases of OPA
and SHG. Each approach provides further insight into the
physics of adiabatic interaction and the design of adiabatic
frequency converters. We also reviewed the work of Longhi
and Rangelov et al., regarding adiabatic THG via an adiabatic SHG-SFG cascade. This special case is an encouraging result regarding a possible extension of the general
adiabatic TWM theory to multiple processes. Finally, we
note that all of the processes reviewed in this section are
highly efficient and highly nonlinear, indicating that they
can be used in applications such as optical switching or
pulse cleaning, where strong nonlinearity is an advantage.

7. Summary and Outlook
In this paper, we have reviewed the research on adiabatic
processes in frequency conversion. Our aim was to cover
this new emerging sub-field to researchers from a variety
of research areas. For those who work in nonlinear optics, we hope that this review will expand their knowledge
in frequency conversion, showing that efficient conversion
can occur not only when perfect phase matching is satisfied for the entire propagation, and also to demonstrate
that the dynamical solutions in frequency conversion have
much more to offer. For those who work in atomic physics,
NMR and related fields, we hope that this review will allow a smooth entrance to a new research field with some
familiar concepts, visualization tools, and physical intuition, and will show them that the linear evolution discussed
in their own fields are only the starting point for a much
richer dynamical evolution that includes the fully nonlinear
dynamics.
Starting with introducing the propagation of coherent
light in a nonlinear crystal in geometrical control terminology, sharing equivalent dynamical mechanisms from other
analogous SU(2) systems, that were utilized to proposed
the RAP mechanism in the field of frequency conversion,
we further gave a detailed description of the adiabatic evo-
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lution. We have discussed robustness, tunability and scalability of the method, and presented the Landau-Zener conversion efficiency formula, which is used to estimate the
efficiency of the adiabatic conversion process. Also, we
have showed several visualization tools that were borrowed
from other two level systems - the ‘Bloch/Poincare’ sphere
(and later on the general TWM surface), the ‘dressed state’
picture – both introduce a physical intuitive general presentation of the dynamical trajectories in the realm of frequency conversion and the distinction between adiabatic
and non-adiabatic evolution processes.
We have shown recent progress on the applicability of
the scheme to efficiently convert ultrashort pulses to other
optical regimes, and its scalability to reach full octave conversion, spanning from the near-IR to the mid infrared. By
that it offers the potential to produce the first single-cycle
mid-IR pulse in a single efficient conversion step, in contrast to existing mid-IR ultrafast pulse generation schemes
that normally involve multiple frequency conversion steps,
making it highly relevant to established compact and intense
laser systems. The adiabatic method is expected to become
a powerful seeding source for coherent wavelength multiplexers based on OPAs, and are of particular importance
in nonlinear spectroscopy and high harmonic generation
processes, where higher cut-off frequency can be obtained
with mid-IR ultrashort lasers [77, 78].
The basic adiabatic dynamics scheme was extended to
multi-step frequency conversion, as well as to the rigorous analysis of adiabatic evolution in the fully nonlinear
dynamical regime. Adiabatic TWM with fully nonlinear
dynamics was put on a firm physical basis, detailing the
conditions for obtaining adiabatic evolution. Just as the adiabatic TWM in the linear dynamics regime was developed
from an analogy with linear quantum systems, the general method reviewed here also follows, in general terms,
an analysis of nonlinear adiabatic evolution performed for
nonlinear quantum systems. Furthermore, the nonlinear
adiabatic condition was determined, and an estimation of
the bandwidth of adiabatic TWM processes was derived
and shown to be consistent with numerical results. We have
reviewed the recent work of Porat et al. [20] , Yaakobi et al.
[23] and Phillps et al. [61], where the different theoretical
approaches were compared by discussing their similarities.
Numerical simulations were shown, that demonstrate fully
nonlinear adiabatic frequency conversion in several configurations attainable with current technology, suggesting that
adiabatic SFG, SHG, DFG and OPA can be efficient over
a wide band of input frequencies. Additionally, recent experiments successfully demonstrating adiabatic OPA with
ultrashort pulses were reviewed [13–15]. The apodization
procedure used in these experiments, which relies on adiabatic interaction as explained by Phillips et al. [54], was
also discussed in the context of ultrashort pulse conversion.
In conclusion, adiabatic processes in frequency conversion and the analogy of the dynamical evolution in nonlinear optical media with the rich framework of finite level
dynamics open enormous possibilities. We believe that we
are only at the initial stage of both theoretical and experimental perspectives. From the theoretical point of view,
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the adiabatic theory in the fully nonlinear regime can be
further developed to more accurately account for the spectral phase imparted on broadband ultrashort pulses. This
could practically lead to shorter converted pulses. Additionally, this theory can be extended to include multi-step
processes or higher order nonlinear processes, such as fourwave mixing. From the experimental perspective, adiabatic
schemes can be utilized to efficiently convert broadband
fluorescence signals, which will be highly relevant to spectroscopy of incoherent signals commonly utilized in material science and molecular spectroscopy. Adiabatic frequency conversion may be useful in quantum optics applications, enabling to shift single and bi-photons into desired
spectral ranges. The inherent advantage of the adiabatic
conversion scheme, of preserving the signal complex amplitude modulation during conversion, allows the transfer
of signal phase to the mid-IR, thus offering fidelity and
convenience for applications requiring phase coherence in
the frequency converted field, allowing the generation of
shaped ultrafast pulses in wavelength regimes where direct
shaping is difficult or inaccessible using currently available pulse shaping technology. Also, many new theoretical
predictions in the multi-processes and the fully nonlinear
analysis, which were discussed in Sections 5 and 6, are
waiting for an experimental validation, and for suggestion
of new applications.
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