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Predicting nonlinear propertieslinear
of metamaterials
from the linear response
The goal here is to calculate the nonlinear emission from a nanostructure when pumped by a strong electromagnetic
field using nonlinear scattering theory and compare the results to experiments. In nonlinear scattering theory, the
problem of calculating the field from a distribution of nonlinear dipoles is converted into finding the overlap integral
between the nonlinear polarization and the electric field radiated by a dipole placed at the detector. We first describe
the nonlinear polarization, then derive the nonlinear scattering theory, and demonstrate the use in a simple model
systems and for nanostructures with arbitrary geometries.
The polarization term in Maxwell’s equations can be divided into linear terms which are independent of intensity
and nonlinear terms which depend on the intensity of the incident field:
Pi = χij (1) Ej + χijk (2) Ej Ek + χijkm (3) Ej Ek Em + ....
= χij

(1)

Ej +

PiN L

(1)
(2)

The nonlinear polarization leads to processes which are intensity dependent where the photon energy can change
such as wave mixing. In this treatment, we take the undepleted pump approximation, or in other words assume
the nonlinear polarization is much smaller than the linear polarization at all times. This allows us to decouple the
two problems: first calculating the nonlinear polarization from the linear response of the system, then in a separate
calculation determine the emission from the nonlinear polarization.
I. NONLINEAR SCATTERING THEORY

Nonlinear scattering theory is a general theory for nonlinear emission from nanostructures[1, 2]. The assumptions
are (1) Lorentz reciprocity and (2) the nonlinearity can be described by a local nonlinear susceptibility tensor.
Consider two current sources j1 (r, ω) and j2 (r, ω) which emit optical frequency electromagnetic fields E1 (r, ω) and
E2 (r, ω) in a reciprocal medium. We consider materials with losses,  and µ may be complex, but without magnetooptical properties so the  and µ tensors are symmetric. Lorentz reciprocity yields the following relation between the
localized sources and the fields they emit[3]:


j2 (r , ω) · E1 (r , ω)dV  = j1 (r, ω) · E2 (r, ω)dV
(3)
We select one current source to be an ensemble of nonlinear dipoles on the surface or in the volume of a nanostructure
which are excited by the pump field:
j1 (r, ω) = ∂P(r, ω)/∂t = iωP(r, ω)

(4)

which emit an unknown electric field E1 . The second current source, a current dipole with a polarization axis given
by ĵ and a length ∆l is placed at the detector position.
j2 (r, ω) = J0 δ(r − r2 )eiωt ĵ

(5)

By substituting these currents into the reciprocity relation and evaluating the integral on the left of Eq. 3, we obtain
a relation for the unknown field from the nonlinear polarization E1 :


(6)
E1 · J0 δ(r − r2 )eiωt ĵdV  = iωP · E2 dV

e−iωt
iωP · E2 dV
(7)
E1 · ĵ =
J0 ∆l
Eq. 7 can be directly used to calculate the nonlinear emission; however, when using numerical solvers of Maxwell’s
equations, it is often inconvenient to calculate the field from a dipole placed at a detector far from the nanostructure
because of the large range of lengths scales involved. Instead, a plane wave source with amplitude E20 is used.
The relation between the dipole moment J0 ∆l and the plane wave amplitude can be obtained by solving Maxwell’s
1
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FIG. S1. Illustration of nonlinear scattering theory. (a) the system consists of a nonlinear optical material and a detector. (b)
a nonlinear polarization is excited by a pump field. In nonlinear scattering theory, the equality of the following integrals is
used to calculate the nonlinear
emission: (a) the integral
of the field emitted by the nonlinear polarization and a current source


placed at the detector j2 (r , ω) · E1 (r , ω)dV  = j1 (r, ω) · E2 (r, ω)dV and (b) the integral of the field emitted by the current
source at the detector with nonlinear polarization j1 (r, ω) · E2 (r, ω)dV

equations for the current source. This is conveniently done by solving for the Green’s function for the Helmholtz
equation:
(∇2 + k 2 )G(r, r ) = −δ(r − r )

(8)

In three dimensions, the Green’s function is:
G(r, r ) =


1
e−ik|r−r |

4π|r − r |

(9)

The vector potential for the current dipole j2 is then:

A2 (r) =µ j2 (r )G0 (r, r )dV 
=µ∆lJ0 eiωt ĵ

(10)

1
e−ik|r−r2 |
4π|r − r2 |

(11)

Thus dipole at the detector radiates an electric field in a direction perpendicular to the polarization axis of:
dA2 (r)
dt
=iωA2 (r)
iωµ∆lJ0 −ikr+iωt
e
=
ĵ
4πr

E20 (r, ω) =

(12)
(13)
(14)

where r = |r − r2 | is the distance between the nanostructure and the detector. Substituting in the magnitude of the
field at the nanoparticle from the source at the detector, we obtain the nonlinear emission from the polarization P in
terms of an overlap integral:

E2
iµω 2 e−iωt
E1 · ĵ =
P·
dV
(15)
4πr
|E20 |
where E2 is obtained from the interaction of the plane wave of amplitude E20 with the nanostructure.
This approach is computationally simple and accounts for the electrodynamic behavior of the structure including
loss.
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II. EXAMPLE: SECOND HARMONIC GENERATION IN A ONE DIMENSIONAL NONLINEAR
CRYSTAL

We now demonstrate nonlinear scattering theory for a simple 1 dimensional system and compare to directly solving
the nonlinear wave equation. In one dimension the Green’s function for the Helmholtz equation is:
Gx,x = −

i −ik|x−x |
e
2k

The vector potential for the current dipole j2 is then:

A2 (x) =µ j2 (x )G0 (x, x )dx

i −ik|x−x2 |
e
ĵ
2k
Thus a dipole at the detector radiates an electric field in a direction perpendicular to the polarization axis of:
= − µ∆lJ0 eiωt
dA2 (r)
dt
=iωA2 (r)

(16)

(17)
(18)

(19)

E20 (r, ω) =

(20)
iωt

µω∆lJ0 e
e−ik|x−x2 | ĵ
2k
The relation for the unknown field from the nonlinear polarization E1 is then:

e−iωt
iωP · E2 dV
E1 · ĵ =
J0 ∆l

E2
iµω 2 e−iωt
P·
dV
E1 · ĵ =
2k
|E20 |
=

(21)

(22)
(23)

We consider second harmonic generation in the undepleted pump approximation in medium with length L, a
refractive n(ω), a wave vector k(ω) = 2πn(ω)/λ, and a nonlinear susceptibility χ(2) . The material can have losses in
which case n and k will be complex. The pump field E(ω) = E0 e−ikx+iωt +c.c originates from x = 0 and propagates to
the right. The pump field generates a nonlinear polarization in the medium of P N L (2ω) = 0 χ(2) E02 ei2k(ω)x+i2ωt + c.c.
The field from the detector at the second harmonic frequency, E  (2ω) = E0 e−ik(2ω)(x−L)+i2ωt + c.c., originates from
x = L and propagates to the left. We drop the complex conjugate terms in the calculation below. The amplitude of
the generated second harmonic is then calculated from the overlap integral:

iµ 0 · (2ω)2 e−2iωt L N L
ESH =
P (2ω) · E  (2ω)dx
(24)
2k(2ω)E0
0

2iµ 0 ω 2 χ(2) E02 eik(2ω)L+2iωt L i(2k(ω)−ik(2ω))x
e
dx
(25)
=
k(2ω)
0
=

2iµ 0 ω 2 χ(2) E02 eik(2ω)L+2iωt ei(2k(ω)−k(2ω))L − 1
k(2ω)
2ik(ω) − ik(2ω)

(26)

2iµ 0 ω 2 χ(2) E02 eik(2ω)L+2iωt ei∆kL − 1
k(2ω)
i∆k

(27)

2iµ 0 ω 2 χ(2) E02 ik(ω)L+ik(2ω)L/2+2iωt
Le
sinc (∆kL/2)
k(2ω)

(28)

defining ∆k = 2k(ω) − k(2ω), we can write this in a more familiar form:
ESH =
=

Separating the wave vector and refractive index into real and imaginary parts k = k  + ik  , n = n + in , the
second harmonic intensity is then
ISH = 2c 0 n (2ω)|ESH |2
2

=

ω |χ

2c3 n (2ω)

e−2k



(29)

(2) 2

|
I02 (ω)L2 ×
2
0 n (ω)

(ω)L−k (2ω)L

| sinc (∆kL/2)|2

(30)
(31)

3

NATURE MATERIALS | www.nature.com/naturematerials

© 2015 Macmillan Publishers Limited. All rights reserved

SUPPLEMENTARY INFORMATION

DOI: 10.1038/NMAT4214
4

When the medium has no losses, k  (2ω) = k  (ω) = 0, then the formula reduces to the textbook result for second
harmonic generation[4, 5]:
ISH =

ω 2 |χ(2) |2
I 2 (ω)L2 sinc2 (∆kL/2)
2c3 n (2ω)0 n2 (ω) 0

(32)

To compare with literature results for loss, we assume perfect phase matching by setting Re[2k(ω) − k(2ω)] = 0 in
Eq. 26, then the second harmonic amplitude is:


ESH

2iµ0 ω 2 χ(2) E02 e2iωt e−2k (ω)L − e−k(2ω)L
=−
k(2ω)
2k  (ω) − k  (2ω)

(33)

in agreement with the solution for second harmonic generation in a medium with loss[6].





























FIG. S2. (a) Second harmonic intensity as a function of material loss, calculated from nonlinear scattering theory (blue) and a
direct solution of the nonlinear wave equation (black dashed). (b) Second harmonic intensity as a function of phase mismatch,
calculated from nonlinear scattering theory (blue) and a direct solution of the nonlinear wave equation (black dashed). The
nonlinear scattering theory calculations are in agreement with the direct solution of the nonlinear wave equation.

We see that nonlinear scattering theory accurately predicts the nonlinear emission taking into account both phase
matching and material absorption in this simple 1d model, in perfect agreement with the direct solutions of the
nonlinear wave equation. A detailed comparison between the direct solution and the scattering theory solution for
a nanosphere can be found in Ref. [2]. In the following section we apply nonlinear scattering theory to complex
nanostructures in which a direct solution of Maxwell’s equations would be more challenging.
III. SECOND HARMONIC GENERATION IN NANOSTRUCTURES

We consider second harmonic generation in nanostructures composed of centrosymmetric materials. In this case,
the second harmonic originates from the interface between the two materials. For a process such a second harmonic
generation which occurs only on the surface, the integral will reduce to a surface integral. The surface susceptibility
is described in terms of the vectors normal (n) and parallel (t) to the metal-air interface. The fields are evaluated
outside of the metal. The nonlinear susceptibilities of gold from experimental data[7] are χnnn = 4.42 · 10−22 m2 /V ,
χntt = 4.94 · 10−21 m2 /V , and χttn = 1.77 · 10−21 m2 /V .
The linear electric field is described in the local coordinate system of the surface of the nanostructure (Fig. S3):
E(ω) = En n̂ + Et1 tˆ1 + Et2 tˆ2

(34)

In our calculations these linear electric fields are calculating with the finite element solver COMSOL multiphysics.
These are used to calculate the surface nonlinear polarization:
PNL = χnnn En En n̂ + χntt Et1 Et1 n̂ + χntt Et2 Et2 n̂
+χttn Et1 En tˆ1 + χttn Et2 En tˆ2

(35)
(36)

We then calculate the field on the nanostructure from a plane wave at the second harmonic frequency traveling from
the detector:
E (2ω) = En n̂ + Et1 tˆ1 + Et2 tˆ2

4
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FIG. S3. Parameterization of the surface of the nanostructure in terms of normal and tangential vectors

We then calculate the second harmonic in the far field (Eq. 15) by performing the overlap integral between the field
from the detector and the nonlinear polarization:

ESH ∝ P · E d2 r
(38)

∝ χnnn En En En
(39)
+χntt En Et1 Et1 + χntt En Et2 Et2

(40)

χttn Et2 Et2 En d2 r

(41)

+χttn Et1 Et1 En

+

IV. SECOND HARMONIC GENERATION IN U-SHAPED NANOSTRUCTURES

We now use nonlinear scattering theory to predict the second harmonic emission from the nanostructures studied in
this article: nanostructures whose morphology varies from a bar to a U-shape as shown in Fig S4. In both experiments
and simulations we study on and off resonant pump conditions. In the experiments, we keep the pump frequency
fixed and vary the nanostructure length in order to avoid eliminate frequency dependent changes in the laser pulse
properties and detector efficiency. In the simulations, it is more computationally efficient to vary the pump frequency.





Ly
Leff

FIG. S4. Schematic of the nanostructure array design. (a) A 2D array of different nanostructures is generated by discretizing
the parameters specifying the geometry: the length and asymmetry ratio. (b) The length is varied along the vertical axis and
the asymmetry ratio is varied along the horizontal axis of the array.

In Fig. S5, we plot the second harmonic intensity calculated from nonlinear scattering theory for the nanostructures
examined experimentally in Fig. 2 of the main text. In this simulation, the majority of the second harmonic intensity
results from the χnnn component of the nonlinear susceptibility tensor, when using the experimentally obtained
nonlinear surface susceptibilities for gold from Ref. [7]. We find that an asymmetry ratio of 0.1953 ± 0.01 yields the
highest second harmonic intensity, which is consistent with the experimental result of 0.18 ± 0.02.
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FIG. S5. Simulations of the relative contributions of the different elements of the nonlinear susceptibility tensor to the second
harmonic intensity in the far-field. Second harmonic intensity from a U shaped nanostructure as a function of pump frequency
and aspect ratio for (a) χnnn , (b)χntt , and (c)χttn relative to the maximum intensity. (d) The second harmonic intensity as a
function of aspect ratio at 215 THz (indicated by white line in (a)-(c)). The majority of the second harmonic intensity results
from χnnn .

V. SECOND HARMONIC GENERATION IN SINGLE U-SHAPED NANOSTRUCTURES

In order to verify that the linear-to-nonlinear predictions are indeed a single particle property, we have also performed
the same experiments on another nanostructure array with larger particle spacing (2000nm). In this experiment, the
particles were addressed individually, in contrast to the simultaneous illumination of 10 particles as in the experiments
of 500nm. The results show how the conclusions drawn from the nonlinear scattering theory do not change with
increased particle spacing. The experimental data and the conclusions from the experiments on the 2000 nm period
sample are shown in Fig.S6.





























































FIG. S6. (a) Experimental second harmonic (red) and third harmonic (blue) generation as a function of position for the arrays
depicted in Fig. S4 with a (a) 3000 nm distance between particles and a (c) 500 nm distance between particles. (b,c) cross
section along the horizontal axis (asymmetry ratio). We find that the highest second harmonic intensity occurs for the same
aspect ratio for both inter-particle spacings.
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FIG. S7. Analysis of third harmonic emission for different geometries of nanostructure for λpump =1305 nm at normal incidence.
(a) Experimental result for the TH emission as a function of the nano-structure length (y-axis) and morphology (x-axis). (b)
The experimental third harmonic intensity (blue dots) and the Miller’s rule prediction (green plus) as a function of the ratio
parameter. (c) The predicted third harmonic emission following Miller’s rule as a function of the nanostructure length and
ratio, which is calculated from the cube of the linear extinction cross section. (d) The linear extinction cross section (σext (ω)) at
the pump wavelength (for a horizontal polarization) as a function of the nanostructure length and ratio. (e) The experimental
third harmonic intensity (blue dots) and the Miller’s rule prediction (green plus) as a function of the nanostructure length
(Lef f ).
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